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Abstract 

We consider properties of solitons in general orbifolds in the algebraic quan- 
tum field theory framework and constructions of solitons in affine and permuta- 
tion orbifolds. Under general conditions we show that our construction gives all 
the twisted representations of the fixed point subnet. This allows us to prove a 
number of conjectures: in the affine orbifold case we clarify the issue of "fixed 
point resolutions" ; in the permutation orbifold case we determine all irreducible 
representations of the orbifold, and we also determine the fusion rules in a non- 
trivial case, which imply an integral property of chiral data for any completely 
rational conformal net. 
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1 Introduction 



Let ^ be a completely rational conformal net (cf. §3.5 and def. 3.6 following [21]). 

Let r be a finite group acting properly on A (cf. definition (3.4)). The starting point 
of this paper is Th. 3.7 proved in [44] which states that the fixed point subnet (the 
orbifold) is also completely rational, and by [21] A^ has finitely many irreducible 
representations which are divided into two classes: the ones that are obtained from the 
restrictions of a representation of A to A^ which are called untwisted representations, 
and the ones which are twisted (cf. definition after Th. 3.7). It follows from Th. 3.7 
that twisted representation of A^ always exists if A^ ^ A. The motivating question 
for this paper is how to construct these twisted representations of A^. 

It turns out that all representations of A^ arc closely related to the solitons of 
A (cf. §3.3 and Prop. 4.1). Sohtons are representations of the restriction of A 
to the real line identified with a circle with one point removed. Every representation 
of A restricts to a soliton of Aq, but not every soliton of can be extended to a 
representation of A. In §4 wc develop general theory of solitons in the case of orbifolds 
with two main results: Th. 4.5 gives a formula for the index of of solitons obtained 
from restrictions, and Th. 4.8 clarifies the general structure of the restriction of a 
soliton. These results are natural extensions of similar results in [33] and [45] in 
special cases. 

The construction of solitons depends on the net A and the action of T. In the case 
of affine orbifold, our construction (cf. def. 5.6) is partially inspired by the "twisted 
representations" of [18], and in fact can be viewed as an "exponentiated version" of the 
"twisted representations" of [18] (cf. §5.2.1). Combined with the general properties 
of solitons described above, this construction allows us to clarify the issue of "fixed 
point" problem in [18] in Th. 5.16, and we also show that our construction gives all 
the irreducible representations of the fixed point subnet under general conditions in 
Th. 5.11 and Cor. 5.12, thus answering our motivating question in this case. 

In the case of permutation orbifolds (cf. §6), our construction of solitons in (6.5) 
is a simple generalizations of the construction of solitons in [33] for the case of cyclic 
orbifolds. Note that the construction of solitons in [33] also leads to structure results 
such as a dichotomy for any split local conformal net. In Th. 8.1 (resp. Th. 8.5) 
we show that our construction gives all the irreducible representations of the cyclic 
orbifold (resp. the permutation orbifold), and in Th. 8.4 (resp. Th. 8.7) we fist all 
the irreducible representations of the cyclic orbifold (resp. the permutation orbifold). 
These results generalize the results of [33] and prove a claim in [1] which is based on 
heuristic arguments. Using theses results in §9 we determine the fusion rules for the 
first nontrivial case when n = 2 in Th. 9.8 which implies an integral property of the 
chiral data for any completely rational net (cf. Cor. 9.9), proving a conjecture in the 
paper [5], that contained the first computations leading to correct fusion rules. 

The rest of this paper is organized as follows: §2 and §3 arc preliminaries on the 
algebraic quantum field theory framework where orbifold construction is considered. 
In these sections we have collected some basic notions that appear in this paper for 
the convenience of the reader who may not have an operator algebra background. 
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The results in §2, §3 are known except Prop. 3.8 on extensions of solitons which plays 
an important role in §7. In §4 we apply the results in §2 and §3 to obtain general 
properties of solitons under inductions and restrictions, and in particular we prove 
Th. 4.5 and Th. 4.8. In §5, after recaUing basic definitions and properties in affine 
orbifold from [18], we give the constructions of solitons in §5.2 and in §5.2.1 compare 
it with the twisted representations in [18]. Th. 5.11 and its Cor. 5.12 are proved in 
§5.3. In §5.5 we clarify the issue of fixed point resolutions in Th. 5.16, Cor. 5.17. In 
§5.6 we illustrate the results of §5.5 in an example considered in [18]. In §6 we first 
recall the construction of solitons from [33] in the cyclic permutation case, and in §6.3 
give the general construction of solitons for permutation orbifolds. We prove in §7 the 
important property of these solitons (Th. 7.1) which so far has no direct proof. In 
§8 we apply the results of previous sections to prove four theorems which are briefly 
described above. In §9 after proving some simple properties of S matrix (cf. Lemma 
9.1), we determine the fusions of solitons in cyclic orbifold in a special case in Prop. 
9.4. In §9.3 we determine the fusion rules for the case n — 2 in Th. 9.8 which implies 
an integral property in Cor. 9.9. 

2 Elements of Operator Algebras and Conformal 
QFT 

For the convenience of the reader we collect here some basic notions that appear in 
this paper. This is only a guideline and the reader should look at the references for a 
more complete treatement. 

2.1 von Neumann algebras 

Let be a Hilbert space that we always assume to be separable to simplify the 
exposition. With B{H) the algebra of all bounded linear operator on H a, von Neu- 
mann algebra M is a *-subalgebra of B{Ti.) containing the identity operator such that 
M = M" (weak closure or, equivalently, strong closure). 

Equivalently M = M" (von Neumann density theorem), where the prime denotes 
the commutant: M' = {a G B{H) : xa = ax \/x e M}. 

A linear map rj from a von Neumann algebra M to a von Neumann algebra N 
is positive if r]{M^) C A^+, where M+ = {x e M : x > 0} denotes the cone of 
positive elements of M. r] is normal if commutes with the sup operation, namely 
snY>ri{xi) = ri{snpxi) for any bounded increasing net of elements in M+; rj is normal 
iff it is weakly (equivalently strongly) continuous on the unit ball of M. rj is faithful 
if r){x) = 0, x & M_|_, implies x — 0. By a homomorphism of a von Neumann algebra 
we shall always mean an identity preserving homomorphism commuting with the 
*-opcration, and analogously for isomorphisms and endomorphisms. Isomorphisms 
between von Neumann algebras are automatically normal. By a representation of M 
on a Hilbert space K, we mean a homomorphism of M into B{JC). 
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A state uj on von Neumann algebra M is a positive linear functional on M with 
the normalization a;(l) = 1. The relevant states for a von Neumann algebras are 
the normal states. By the GNS construction, every normal state of M is given by 
u!{x) — {Tr{x)ft, Jl), where tt is a normal representation of M on a Hilbert space /C and 
Q e /C is cychc (i.e. 7r(M)fi is dense in /C, see below). Given lo, the triple (/C, tt, Q) is 
unique up to unitary equivalence. 

A factor is a von Neumann algebra with trivial center, namely M n M' = C. We 
note that a factor is a simple algebra, i.e., the only weakly closed ideal of the factor 
is either trival or equal to the factor itself. If M is a factor (and /C is separable), a 
representation of M on /C is automatically normal. 

A factor M is finite if there exists a tracial state u on M, namely uj{xy) = uj{yx), 
x,y & M (automatically normal and unique). Otherwise M is called an infinite factor. 
For a factor M, the following are equivalent: 

• M is infinite; 

• M is isomorphic to M B{K), with K, a separable infinite dimensional Hilbert 
space; 

• M contains a non-unitary isometry (an isometry v is an operator with the prop- 
erty v*v = 1); 

• M contains a non degenerate Hilbert H space of isometrics with arbitrary di- 
mension (but separable). 

Here a Hilbert space of isometrics H in M we mean a norm closed linear subspace 
H C M such that x*y e C for all x,y E M. Thus x, y i— > y*x is scalar product on H. 
Then, if L is a set with {vi,i e L} an orthonormal basis for H, we have = 5w, 
namely the f j's are isometries H with pairwise orthogonal range projections. H is non- 
degenerate if the left support of is 1, that is the final projections form a partition 
of the identity: X^^^^ ViV^ = 1 . 

A factor M is of type III (or purely infinite) if every non-zero projection e e M 
is equivalent to the identity, namely there exists an isometry v & M wit vv* — 1. As 
we shall see, factors appearing in CFT as local algebras are of type HI and the reader 
may focus on this case for the need of this paper. 

A semifinite factor is a factor M isomorphic to Mq ® B{]C) with Mq a finite factor 
and K a Hilbert space. Semifinite factor are characterized by the existence of a normal, 
possible unbounded, trace (that we do not define here). A factor is either semifinite 
or of type III. 

A factor M of type III has only one representation (on a separable Hilbert space) 
up to unitary equivalence. Namely, if tt : M — B{1C) is a representation, there exists 
a unitary U : H ^ JC such that 7r{x) = UxU*, x e M. 

Refs: [40]. 
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2.2 Tomita-Takesaki modular theory 



Let M be a von Neumann algebra and uj a normal faithful state on M. By the GNS 
construction, we may assume that a; = ( • O) with Q a cyclic and separating vector 
{^M. acts standardly). 

Here a vector Q is cyclic if = H. and separating if x e M, xD, — implies 
X = 0. A vector is cyclic for M iff it is separating for M'. 

The anti-linear operator xQ x*Qj x G M, is closablc and its closure is denoted 
by S. The polar decomposition S = JA^/^ gives a antiunitary involution J, the 
modular involution, and a positive non-singular linear operator A = S*S, the modular 
operator. 

We have 

A^*MA-^* = M (1) 
JMJ = M\ (2) 

in other words the modular theory associates with Vt a canonical "evolution", i.e. 
a one-parameter group of modular automorphisms of M cr^ = AdA'* and an anti- 
isomorphism Ad J of M with M.' . 

Let iV C M be an inclusion of von Neumann algebras. We always assume that N 
and M have the same identity. A conditional expectation £ : M — > is a positive, 
unital map from M onto N such that e{nixn2) = nie{x)n2, x G M, ni,n2 G N. 

If cij is a faithful normal state of M, by Takesaki theorem there exists a normal 
conditional expectation e : M ^ N preserving u (i.e. a; • £ = a;) if and only if N is 
globally invariant under the modular group of M. 

If p is an endomorphism of M and £ : M — > p{M) is a conditional expectation, 
the map (p = ■ e satisfies </? • p = id and is called a left inverse of p. 

Refs: [40]. 

2.3 Jones index 

Let A^ C M an inclusion of factors. The index of A^ in M can be defined by different 
point of views: analytic, probabilistic or tensor categorical. 

Analytic definition. The index was originally considered by Jones in the setting of 
finite factors. Assume M to be finite and let uj be the faithful tracial state uj on M. 
As above we may assume that uj is the vector state given by the vector Q,. With e the 
projection onto NO,, the von Neumann algebra generated by M and e 

Mi = {M,e}" = JmAT'Jm 

is a semifinitc factor. N G M has finite index iff Mi is finite and the index is then 
defined by A = uj(e)^^ with uj also denoting the tracial state of Mi. Jones theorem 
shows the possible values for the index: 

A G |4cos^-, n > 3} U [4, 00] . 
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li N C M is an inclusion of finite factor, there exists a unique trace-preserving 
conditional expectation e : M ^ N (cr'^ is trivial in this case). 

A definition for the index [M : N]^ of an arbitrary inclusion of factors N <Z M 
with a faithful normal conditional expectation e : M ^ N was given by Kosaki using 
Connes-Haagerup dual weights. It depends on the choice of e. Given e, choose a 
normal faithful state u of M with uj ■ e = u and Q a cyclic vector implementing uj. If 
[M : N]^ < oo, it is possible to define a canonical expectation e' : Mi — > M and then 
[M : N]^ — £'(e)~\ with e the projection onto N^. Jones restriction on the index 
values holds for [M : N]^ as well. 

The good properties are shared by the minimal index 

[M:N\^ inf [M : N], = [M : N],, 

e 

where is the unique minimal conditional expectation. 

The analytic point of view will not play an explicit role in this paper. 

Probabilistic definition. Pimsner and Popa inequality, and its extension to the 
infinite factor case, shows that A = [M : N]j^ is the best constant such that 

e{x) > Xx, X e M+, 

where e : M ^ N a normal conditional expectation (if M is finite- dimensional A is 
not an optimal bound). 

This gives a general way to define the index and a powerful tool to check whether 
a given inclusion has finite index. 

Tensor categorical definition. We shall get to this point in a moment. 

Refs: [16, 22, 25, 28, 31, 35, 40] and references therein. 

2.4 Joint modular structure. Sectors 

Let C M be an inclusion of infinite factors. We may assume that N' and M' 
arc infinite so M and N have a cyclic and separating vector. With Jn and Jm 
modular conjugations of and M, the unitary F = JnJm implements a canonical 
endomorphism of M into N 

7(a;) = r^r*, xe M. 

7 depends on the choice of Jn and Jm only up to perturbations by an inner au- 
tomorphism of M associated with a unitary in A^. The restriction 7|A^ is called 
the dual canonical endomorphism (it is the canonical endomorphism associated with 
7(M) C N). 7 is canonical as a sector of M as we define now. 
Given the infinite factor M, the sectors of M are given by 

Sect(M) = End(M)/Inn(M) 

namely Sect(M) is the quotient of the semigroup of the endomorphisms of M modulo 
the equivalence relation: p,p' e End(M), p ~ p' iff there is a unitary u e M such 
that p'{x) — up{x)u* for all x e M. 
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Scct(M) is a *-semiring (there is an addition, a product and an involution) equiv- 
alent to the Connes correspondences (bimodules) on M up to unitary equivalence. If 
p is an element of End(M) we shall denote by [p] its class in Sect(M). The operations 
are: 

Addition (direct sum): Let pi,p2,---Pn G End(Af). Choose a non-degenerate 
n-dimensional Hilbert H space of isometries in M and a basis vi, . . .Vn ioT H . Then 

n 

p{x) = ^ViPi{x)v*, X e M, 
1=1 

is an endomorphism of M. The definition of the direct sum endomorphism p does not 
depend on the choice of H or on the basis, up to inner automorphism of M, namely 
p is a well-defined sector of M. 

Composition (monoidal product). The usual composition of maps 

Pi ■ P2{x) = pi{p2{x)), X e M, 

defined on End(M) passes to the quotient Sect(M). 

Conjugation. With p G End(M), choose a canonical endomorphism jp : M ^ 
p{M). Then 

well-defines a conjugation in Sect(M). By definition we thus have 

lp = P-P (3) 
Refs: [14, 22, 26] and references therein. 

2.5 The tensor category End(M) 

With M an infinite factor, then End(M) is a strict tensor C* -category, as is already 
implicit in the previous section. 

More precisely define a category End(M) whose objects are the elements of End(M) 
and the arrows Hom(p, p') between the objects p, p' are 

Hom(p,p') = {a e M : ap{x) = p'{x)a \/x e M}. 

The composition of intertwiners (arrows) is the operator product. Clearly Hom(p, p') 
is a Banach space and there is a *-operation a G Hom(p, p') i-^ a* G Hom(p',p) with 
the usual properties and the C*-norm equality \\a*a\\ — ||a|p. Thus End(M) is a 

C* -category. 

Moreover there is a tensor (or monoidal) product in End(M). The tensor product 
p® p' is simply the composition pp' . For simplicity the symbol (g) is thus omitted in 
this case: p ® p' = pp' . If a, a' G End(M), and t G Hom(p, p'), s G Hom((7, cr'), the 
tensor product arrow t®sis the element of Hom(p (g) cr, p' a') given by 

t® s = tp{s) = p'{s)t . 
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As usual, there is a natural compatibility between tensor product and composition, 
thus End(M) is a C*-tensor category. Moreover there is an identy object c for the 
tensor procuct (the identity automorphism). 

So far we have not made much use that M is an infinite factor. This enters crucially 
for the conjugation in End(M). 

If p is irreducible (i.e. p{M)' fl M = C) and has finite index, then p is the 
unique sector such that pp contains the identity sector. More generally the objects 
p, p E End(M) are conjugate according to the analytic definition and have finite index 
if and only if there exist isometries v e Hom(i, pp) and v e Hom(t, pp) such that 

V* <^ Ip ■ lp<^ V = v*p{v) = ^, V* <^lp- lp<^v = v*p{v) = ^, 
for some d > 0. 

The minimal possible value of d in the above formulas is the dimension d{p) of p; 
it is related to the minimal index by 

[M : p{M)] = d{pf 

(tensor categorical definion of the index) and satisfies the dimension properties 

d{pi © P2) = d{pi) + d{p2) 
d{pip2) = d{pi)d{p2) 
d{p) = d{p). 

It follows that the the subcategory of End(M) having finite-index objects is a 
C* -tensor category with conjugates and direct sums. 

Formula (3) shows that given 7 e End(M) the problem of deciding whether it is a 
canonical endomorphism with respect to some subfactor is essentially the problem of 
finding a "square root" p. 7 is canonical and has finite index iff there exist isometries 
t e Hom(i, 7), s e Hom(7,7^) satisfying the algebraic relations 

s*s* = s*7(s*) (4) 
s*^{t) e C\{0} , s*t e C\{0}. (5) 

It is immediate to generalize the notion of Sect(M) to Sect(M, A^), for a pair of 
factors M, N . They are the homomorphisms of M into N up to unitary equivalence 
given by a unitary in A". If A^ C M is an inclusion of infinite factors, the canonical 
endomorphism 7 : M — A^ is a well defined element of Sect(M, A^); if \M : N\ < 00, 
the above formula show that 7 is the conjugate sector of the inclusion homomorphism 
Ln : N ^ M: 

7 = LMiN, ^ \ N = LnLm . 

We use {\p) to denote the dimension of Hom(A,/i); it can be cxo, but it is finite 
if \p have finite index. (A,/x) depends only on [A] and [p\. Moreover we have if v 
have finite dimension, then (i^A, /x) = {X,Pp), {Xiy, p) — (A, //P) which follows from 
Probenius duality, p is a, subsector of A if there is an isometry v E M such that 
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fi{x) = v*X{x)v,\/x G M. We will also use the following notation: if /i is a subsector 
of A, we will write as /x -< A or A >- /i.. A sector is said to be irreducible if it has only 
one subsector. 

Refs: [7, 29, 32] and references therein. 

3 Conformal nets on 

By an interval of the circle we mean an open connected non-empty subset / of 
such that the interior of its complement /' is not empty. We denote by I the family 
of all intervals of S^. 

A net A of von Neumann algebras on is a map 

from X to von Neumann algebras on a fixed Hilbert space H that satisfies: 

A. Isotony. If Ji C I2 belong to X, then 

A{h) c Aih). 

Vl E d is any region, we shall put A{E) = \J ^^^^^A{I) with A{E) = C ii E has 
empty interior (the symbol V denotes the von Neumann algebra generated). 
The net A is called local if it satisfies: 

B. Locality. If /i, /2 G X and /i n /2 = then 

[A{hlA{h)\^{Q}, 
where brackets denote the commutator. 

The net A is called Mohius covariant if in addition satisfies the following properties 
C,D,E,F: 

C. Mohius covariance. There exists a strongly continuous unitary representation 
U of the Mobius group Mob (isomorphic to PSU{1, 1)) on li such that 

U{g)A{I)U{gr = Aigl), g e Mob, I el. 

Note that this implies A{I) = A{I), I E 1 (consider a sequence of elements 
gn e Mob converging to the identity such that gnl I). 

D. Positivity of the energy. The generator of the one-parameter rotation subgroup 
of U (conformal Hamiltonian) is positive. 

E. Existence of the vacuum. There exists a unit [/-invariant vector D, eH (vacuum 
vector), and Q is cyclic for the von Neumann algebra \Jj^j-A{I). 
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By the Reeh-Schlieder theorem Q is cychc and separating for every fixed A{I). The 
modular objects associated with {A{I),fl) have a geometric meaning 




U{Ai{2nt)), 



Ji = U{ri) . 



Here Aj is a canonical one-parameter subgroup of Mob and U{ri) is a antiunitary 
acting geometrically on ^ as a reflection r/ on S^. 
This implies Haag duality: 



where /' is the interior of \ /. 

F. Irreducibility. \/j^jA{I) = B{7i). Indeed A is irreducible iff fl is the unique 
[/-invariant vector (up to scalar multiples). Also A is irreducible iff the local 
von Neumann algebras A{I) are factors. In this case they are Illi-factors in 
Connes classification of type III factors (unless A{I) — C for all /). 

By a conformal net (or diffeomorphism covariant net) A we shall mean a Mobius 
covariant net such that the following holds: 

G. Conformal covariance. There exists a projective unitary representation U of 
013(5*^) on Ti extending the unitary representation of Mob such that for all 
I el we have 



where Diff(S'^) denotes the group of smooth, positively oriented diffeomorphism of 
and Diff(7) the subgroup of diffeomorphisms g such that g{z) — z for all z e 

Let G be a simply connected compact Lie group. By Th. 3.2 of [8], the vacuum 
positive energy representation of the loop group LG (cf. [36]) at level k gives rise to an 
irreducible conformal net denoted by Ag^- By Th. 3.3 of [8], every irreducible positive 
energy representation of the loop group LG at level k gives rise to an irreducible 
covariant representation of Aq^. . 

3.1 Doplicher-Haag- Roberts superselection sectors in CQFT 

The DHR theory was originally made on the 4-dimensional Minkowski spacetime, 
but can be generalized to our setting. There are however several important structure 
differences in the low dimensional case. 

A (DHR) representation tt of ^ on a Hilbert space 7i is a map / G X i-^ tt/ that 
associates to each / a normal representation of A{I) on B{7i) such that 



A{iy = A{I'), /ex, 



U{g)A{I)U{gr 
U{g)xU{gr = 



= Aigl), g e DiSiS'), 
X, xe A{I), g e Diff(/'), 



7rjr^(7) =7rj, 7C/, 1,1 Gl. 
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TT is said to be Mobius (resp. diffeomorphism) covariant if there is a projective unitary 
representation 17^^ of Mob (resp. Difr(°°)(5^), the infinite cover of Diff (5^) ) on Ti, such 
that 

7Tgi{u{g)xU{gr) = uMM^WAg)* 

for all I e I, X e A{I) and g e Mob (resp. g e Difr(°°)(5i)). Note that if tt 
is irreducible and diffeomorphism covariant then U is indeed a projective unitary 
representation of Diff (S*^). 

By definition the irreducible conformal net is in fact an irreducible representation 
of itself and we will call this representation the vacuum representation. 

Given an interval / and a representation tt of A, there is an endomorphism of A 
localized in I equivalent to tt; namely p is a representation of A on the vacuum Hilbert 
space Ti, unitarily equivalent to tt, such that p// = id \ A{I'). 

Fix an interval Jq and cndomorphisms p, p' of A localized in Iq. Then the compo- 
sition (tensor product) pp' is defined by 

{pp')i = pip'i 

with / an interval containing /. One can indeed define {pp')i for an arbitrary interval 
/ of (by using covariance) and get a well defined endomorphism of A localized 
in 7o- Indeed the endomorphisms of A localized in a given interval form a tensor 
C*-category. For our needs p, p' will be always localized in a common interval /. 

If TT and tt' are representations of A^ fix an interval Jq and choose endomorphisms 
p, p' localized in /q with p equivalent to tt and p' equivalent to tt'. Then tt • tt' is 
defined (up to unitary equivalence) to be pp' . The class of a DHR representation 
modulo unitary equivalence is a superselection sectors (or simply a sector). 

Indeed the localized endomorphisms of A for a tensor C*-category. For our needs, 
p, p' will be always localized in a common interval I. 

We now define the statistics. Given the endomorphism p of ^ localized in / e X, 
choose an equivalent endomorphism po localized in an interval Iq with Jq fi / = 
and let w be a local intertwiner in Hom(p, po) as above, namely u e Hom(p|, pg j) with 

Iq following clockwise / inside / which is an interval containing both I and /q. 

The statistics operator e := u*p{u) = u*pj{u) belongs to Hom(pj, pj). An ele- 
mentary computation shows that it gives rise to a presentation of the Artin braid 
group 

QQ+lQ = ^i^i' — ^i'^i if K ~ ^ | ^2, 

where Si = p''^^{6). The (unitary equivalence class of the) representation of the Artin 
braid group thus obtained is the statistics of the superselection sector p. 

It turns out the endomorphisms localized in a given interval form a braided C*- 
tensor category with unitary braiding. 

The statistics parameter Ap can be defined in general. In particular, assume p to 
be localized in I and p/ G End((^(/)) to be irreducible with a conditional expectation 
E : A{I) Pi{A{I)), then 

A, := E{e) 
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depends only on the superselection sector of p. 

The statistical dimension dDHR^p) and the univalence ujp are then defined by 

doHRip) = |Ap| ^ , ^p = ttA" • 
Refs: [7, 9, 25, 26, 31]. 

3.2 Index-statistics and spin-statistics relations 

Let p be an endomorphism locahzed in the interval /. A natural connection between 
the Jones and DHR theories is realized by the index-statistics theorem 

Ind(p) = dumiipf- 

Here Ind(p) is Ind(p7)); namely d{{pi)) — (iDHR(p)- We will thus omit the suffix DHR 
in the dimension. Since by duality p{A{I)) C A{I) coincides with p{A{I)) C p{A{I'))' 
one may rewrite the above index formula directly in terms of the representation p. 

The map p — > p/ is a faithful functor of C*-tensor categories of endomorphism of 
\A locahzed in I into End(M) with M = A{I). Passing to quotient one obtains a 
natural embedding 

Superselection sectors — >■ Sect(M). 

Restricting to finite-dimensional endomorphisms, the above functor is full, namely, 
given endomorphisms p,p' localized in /, if a G Hom(p/,p'j^) then a intertwines the 
representations p and p' (this is obviously true also in the infinite-dimensional case if 
there holds the strong additivity property below, but otherwise a non-trivial result). 
The conformal spin-statistics theorem shows that 

Up = e^2-^o(^) , 

where Lq{p) is the conformal Hamiltonian (the generator of the rotation subgroup) in 
the representation p. The right hand side in the above equality is called the univalence 
of p. 

Refs: [11, 25]. 

3.3 Genus 5, T- mat rices 

Next we will recall some of the results of [37] and introduce notations. 

Let {[A], A e be a finite set of all equivalence classes of irreducible, covariant, 
finite-index representations of an irreducible local conformal net A. We will denote 
the conjugate of [A] by [A] and identity sector (corresponding to the vacuum repre- 
sentation) by [1] if no confusion arises, and let N^^ = ([A][^], [u]). Here {p, v) denotes 
the dimension of the space of intertwiners from p to u (denoted by Hom(/i, z/)). We 
will denote by {T^} a basis of isometrics in Hom(i/, Ap). The univalence of A and 
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the statistical dimension of (cf. §2 of [10]) will be denoted by cux and d{X) (or dx)) 
respectively. 

Let ipx be the unique minimal left inverse of A, define: 

Yx^ := d{X)d{fx)ip^{e{f,, A)*e(A, (6) 

where e(/x, A) is the unitary braiding operator (cf. [10] ). 

We list two properties of Yx^ (cf. (5.13), (5.14) of [37]) which will be used in the 
following: 



Lemma 3.1. 



— y^x — Yxp — ^xp.- 



U/j. 



k 



We note that one may take the second equation in the above lemma as the defini- 
tion of Yx^,. 

Define a := '^id'^p_uj~\ If the matrix (l^i^) is invertible, by Proposition on P.351 
of [37] a satisfies |ap — Ylx^W^- 

Definition 3.2. Let a — \a\ exp(— 27riy) where Cq G R and Cq is well defined mod 8Z. 
Define matrices 

S := \a\-%T:^ CDiag(a;A) (7) 

where 

Then these matrices satisfy (cf. [37]): 
Lemma 3.3. 

SS^ = TT^ = id, 
STS = T-^ST-\ 

= C, 

TC = CT = T, 

where Cx^ — Sxp, is the conjugation matrix. 
Moreover 

A^V = E^^^^- (8) 

s 

is known as Verlinde formula. 

We will refer the S, T matrices as defined above as genus modular matrices 
of A since they are constructed from the fusion rules, monodromies and minimal 
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indices which can be thought as genus chiral data associated to a Conformal Field 
Theory. 

We note that in all cases Cq — cE 8Z, where c is the central charge associated with 
the projective representations of DifF(5'^) of the conformal net A (cf. [17] or [33]). We 
will prove in Lemma 9.7 that cq — c G 4Z under general conditions. 

The commutative algebra generated by A's with structure constants A'^^^ is called 
fusion algebra of A. If Y is invertible, it follows from Lemma 3.3, (8) that any 
nontrivial irreducible representation of the fusion algebra is of the form A — for 
some /J,. 

3.4 The orbifolds 

Let A be an irreducible conformal net on a Hilbert space H and let F be a finite 
group. Let y : F — > U{H) be a unitary representation of F on If y : F — > U{H) 
is not faithful, we set F' := T/kerV. 

Definition 3.4. We say that F acts properly on A if the following conditions are 
satisfied: 

(1) For each fixed interval I and each g &r, ag{a) :— V{g)aV{g*) e A{I),\/a e 
Ail); 

(2) For each geT, V{g)n = n,Wg e F. 

We note that if F acts properly, then V{g), g & T commutes with the unitary 
representation U of Mob. 

Define B{I) := {a E A{I)\ag{a) = a,^g e F} and A^{I) := i3(/)Po on Hq where 
Hq := {x e H\V{g)x = x,\/g G F} and Pq is the projection from V. to TYq- Then U 
restricts to an unitary representation (still denoted by U) of Mob on TYo- Then: 

Proposition 3.5. The map / G X — > AF{I) on 7io together with the unitary repre- 
sentation (still denoted by U) of Mob on Hq is an irreducible Mobius covariant net. 

The irreducible Mobius covariant net in Prop. 3.5 will be denoted by A^ and will 
be called the orbifold of A with respect to F. We note that by definition A^ — A^' . 

3.5 Complete rationality 

We first recall some definitions from [21] . Recall that I denotes the set of intervals of 
S^. Let h^h G X. We say that /i, I2 are disjoint if /i fl 72 = 0, where / is the closure 
of / in S\ When /i,/2 are disjoint, Ii U I2 is called a 1-disconnected interval in [46]. 
Denote by X2 the set of unions of disjoint 2 elements in X. Let A be an irreducible 
Mobius covariant net as in §2.1. For E = IiU I2 G X2, let U be the interior of the 
complement of Ji U I2 in where J3, 14 are disjoint intervals. Let 

A{E) := A{h) V A(/2), A{E) := {A{h) V A{h)y. 
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Note that A{E) C A{E). Recall that a net A is split if A{Ii) V A{l2) is naturally 
isomorphic to the tensor product of von Neumann algebras A{Ii) Cg) A{l2) for any 
disjoint intervals /i,/2 G X. A is strongly additive if A{Ii) V ^(/2) = vA(/) where 
Ii U /2 is obtained by removing an interior point from /. 

Definition 3.6. [21] A is said to be completely rational if A is split, strongly additive, 
and the index [A{E) : A{E)] is finite for some E & I2 ■ The value of the index 
[A{E) : A{E)] (it is independent of E by Prop. 5 of [21]) is denoted by fj,^ and is 
called the fi-index of A. If the index [A{E) : A{E)] is infinity for some E e I2, we 
define the /i-index of A to be infinity. 

A formula for the //-index of a subnet is proved in [21]. With the result on strong 
additivity for A^ in [44], we have the complete rationality in following theorem. 

Note that, by our recent results in [33], every irreducible, split, local conformal 
net with finite /i-index is automatically strongly additive. 

Theorem 3.7. Let A be an irreducible Mobius covariant net and let T be a finite 
group acting properly on A. Suppose that A is completely rational. Then: 

(1) : A^ is completely rational or ^-rational and Hj^v = |r'p/i_4; 

(2) : There are only a finite number of irreducible covariant representations of AF 
(up to unitary equivalence) , and they give rise to a unitary modular category as defined 
in II. 5 of [39] by the construction as given in §i.7 of [48]. 

Suppose that A and F satisfy the assumptions of Th. 3.7. Then A^ has only finite 
finite number of irreducible representations A and 

J2d{Xf=l,^r = \Tfl,^. 

X 

The set of such A's is closed under conjugation and compositions, and by Cor. 
32 of [21], the F-matrix in (6) for A^ is non-degenerate, and we will denote the 
corresponding genus modular matrices by S, T. We note that d{X) is conjectured 
to be related to the asymptotic dimension of Kac-Wakimoto in [19] , and one can find 
a precise statement of the conjecture and its consequences in [27] and in §2.3 of [50]. 
Denote by A (resp. //) the irreducible covariant representations of A^ (resp. A) with 
finite index. Denote by b^-^ G N U {0} the multiplicity of representation A which 
appears in the restriction of representation n when restricting from A to A^. The 
b^j^ are also known as the branching rules. An irreducible covariant representation A 
of .4'" is called an untwisted representation if b^^^ ^ for some representation /( of 
A. These are representations of AF which appear as subrepresentations in the the 
restriction of some representation of A to AF . A representation is called twisted if it 
is not untwisted. Note that '^xd{X)b^j^ = d{iJ,)\T'\, and b^j^ = d{X). So we have 

E d{xr < Y^iY^dm^r = n+^dii^m < n+Ydii^rirf = ^^^r 

X untwisted M A Mt^I Mt^I 
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if r' is not a trivial group, where in the last = we have used Th. 3.7. It follows 
that the set of twisted representations of is not empty. This fact has already been 
observed in a special case in [21] under the assumption that A^ is strongly additive. 
Note that this is very different from the case of cosets, cf. [47] Cor. 3.2 where it 
was shown that under certain conditions there are no twisted representations for the 
coset. 

3.6 Restriction to the real line: Solitons 

Denote by Iq the set of open, connected, non-empty, proper subsets of R, thus / G 2o 
iff I is an open interval or half-line (by an interval of M we shall always mean a 
non-empty open bounded interval of M) . 

Given a net A on we shall denote by its restriction to R = \ 
Thus ^0 is an isotone map on Iq, that we call a net on IR. In this paper we denote 
by Jo := (0, oo) C M. 

A representation vr of on a Hilbert space 7i is a map I E Tq ttj that associates 
to each / G Xq a normal representation of A{I) on BiH) such that 

nj\A{I)^TTi, IGI, /,/e2o- 

A representation n of is also called a soliton. As satisfies half-line duality, 
namely 

Ao{—oo, a)' — Ao{a, oo), a e IR, 

by the usual DHR argument [7] tt is unitarily equivalent to a representation p which 
acts identically on ^o(^oo,0), thus p restricts to an endomorphism of A{Jo) — 
Ao{0,oo). p is said to be localized on Jq and we also refer to p as soliton endo- 
morphism. 

Clearly a representation tt of ^ restricts to a soliton ttq of Aq. But a representation 
TTo of ^0 does not necessarily extend to a representation of A. 

If A is strongly additive, and a representation ttq of extends to a DHR repre- 
sentation of A, then it is easy to see that such an extension is unique, and in this case 
we will use the same notation ttq to denote the corresponding DHR representation of 
A. 

3.7 A result on extensions of solitons 

The following proposition will play an important role in proving Th.7.1. 

Proposition 3.8. Let Hi,H2 be two subgroups of a compact group T which acts 
properly on A , and let n be a soliton of Aq- Assume that A is strongly additive. 
Suppose that tt \A^\i = 1, 2 are DHR representations. Then tt \ {A^^ \/ A^^) is also a 
DHR representation, where A^^ V A^^ is an intermediate net with {A^'^ V A^'^){I) ~ 

A"^{i)y A"^{i),yi. 
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Proof Let / be an arbitrary interval with — 1 G /. It is sufficient to show that vr has 
a normal extension to A^^{I) V A^'^{r). Since tt is a soliton, by choosing a unitary 
equivalence class of tt we may assume that Tr{x) — x^x e Let J D / be an 

interval sharing a boundary point with I and let Iq — J H I'. Since tt \A^^ is a DHR 
representation, it is localizable on /q. Denote the corresponding DHR representation 
localized on Jq by TTj^/Q, then we can find unitary Ui such that UiiTij^u* = tt on A^''. 
It follows that Ui e A^^{J) since vr is localized on /, and we have 7r{x) = UiXU*,\/x G 
A^^{I). Note that A^'{I) n A^''{I) D A^{I), hence u^Ui e n A{J). Since 

C ^ is a strongly additive pair (cf. [49]), it follows that A^{iy n A{J) = A{Io), 
and MiXM* = U2XU2,'^x G -4(/). Hence Ad^^ defines a normal extension of tt from 
A^^{I) to V A^^{I). Such an extension is also unique by definition. ■ 

4 Induction and restriction for general orbifolds 

Let ^ be a Mobius covariant net and B a subnet. Given a bounded interval Iq G Xq we 
fix canonical endomorphism associated with B{Iq) C A{Io)- Then we can choose 
for each I <Z Iq with J D /q a canonical endomorphism 7/ of A{I) into in such 
a way that 7/ |'^(/o) = Jio and A/^ is the identity on B{Ii) if Ii G Xq is disjoint from 

Iq, where A/ = 7/ 

We then have an endomorphism 7 of the C*-algebra 21 = U/^(/) (/ bounded 
interval of R) . 

Given a DHR endomorphism p oi B localized in Iq, the a-induction ap of p is the 
endomorphism of 21 given by 

ap = 7~^ • Ade{p, A) ■ p ■ 7 , 

where e denotes the right braiding unitary symmetry (there is another choice for a 
associated with the left braiding), ap is localized in a right half-line containing Iq, 
namely ap is the identity on A{I) if / is a bounded interval contained in the left 
complement of Iq in M. Up to unitarily equivalence, ap is localizable in any right half- 
line thus ap is normal on left half-lines, that is to say, for every a G M, is normal 
on the C*-algcbra 2l(— oo,a) = U/c(-oo,a)-4(-^) {I bounded interval of M), namely 
t2l(— oo,a) extends to a normal morphism of A{—oo,a). We have the following 
Prop. 3.1 of [33]: 

Proposition 4.1. ap is a soliton endomorphism of Aq. 
4.1 Solitons as endomorphisms 

Let ^ be a conformal net and F a finite group acting properly on A (cf. (3.4). We 
will assume that A is strongly additive. Let vr be an irreducible soliton of ^0 localized 
on Jo = (0,00). Note that the restriction of tt to A{Jo) is an endomorphism and 
we denote this restriction by tt when no confusion arises. Let iTj^r be a soliton of 
localized on Jq and unitarily equivalent to tt \A^. Let pi be an endomorphism of A{Jo) 
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such that pi{A{Jo)) = A^{Jo) and pipi = 7, where 7 is the canonical endomorphism 
from ^(Jo) to A^{Jo). Note that [7] = ©^gp'^']' where for simphcity we have used 
[^f] to denote the sector of ^( Jo) induced by the automorphism (3g. By [31] as sectors 
of A^{Jo) we have [7r_4r] = [777 \A^{Jo)]. 

Definition 4.2. Define T^, := {h G r|[/i7r/i~^] = [tt]}. Note that kerV (of. definition 
before (3.4)) is a normal subgroup o/F^ and let := FT^/kerV. 

Note that 

Hom(7r^r,7r^r)^r(jg) ~ Hom(pi7rpi,pi7rpi)^(jo). 
By Frobenius duahty we have 

(7r^r,7r^r) = (A,7A7). 

Lemma 4.3. (1) If g ^ h, then {-K^gixh'^) = 0; 

(2) (7r,77r7) = |F;| = {-fn \A^,-fn \A^) where F; = K/kerV; 
(3) 

(77r t^^, 77r \AF) = (7i7r f^^", 7i7r t^^") 

where 71 is the canonical endomorphism from A{Jq) to AF'^{Jq); 

(4) Every irreducible summand of n \Aq'" (as soliton of Aq'' ) remains irreducible 
when restricting to Aq. 

Proof Note that gnh'^ — g7rg~^gh~^, and g7rg~^ is a sohton equivalent to ng~^ but 
localized on Jq. By Lemma 8.5 of [33] we have proved (1). (2), (3) follows from (1) 
and the definition of F^. (4) follows from (3). ■ 

Proposition 4.4. Let 7ri,7r2 be two irreducible solitons of Aq . If there is g such 
that [tti] = [g'!T2g~^], then [yni \A^] — [7712 \A^]. Otherwise (7771 \A^,^n2 \A^) — 0. 

Proof By Frobenius duality and Lemma 8.5 of [33] we have 

(77ri r^'^,77r2 1^"^} = J2^7ii, g7i2g-^) 

Hence {jni \ A^, ^112 \^) = if there is no 5^ G F' such that [tti] = [gTi2g~^]- If there 
is G F such that [tti] = [g-n2g^^], then 

(77ri [^'^,77r2 \A'^) = {'^iM^2g-'h-') = |F;J 

By exchanging tti and 7r2 we get 

(77ri r^^,77r2 \A^) = {jtti \A^,j^i = {1^2 \A^,j^2 \A^) 
It follows that [77ri \A^] = [77r2 \A^]. ■ 
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Theorem 4.5. Assume that n is irreducible with finite index and [f3] = [-fn \ A^] = 
^j^rijlPj]. Then [a^J = mj^^^lhinh^^]) where hi are representatives ofV/T^. In 

particular d{(3j) = mjd{7i)-^^, and d{(5jY = ■|p-|(i(7r)^. 

Proof By the definition wc have [70;^] = [f3^] = [7vr7]. So we have (70^, tt) = 
(7717, tt) = iFj^l- By Lemma 8.5 of [33] we have {'yaf^, it) = (ap, n), and therefore >- 
\Tj,\tt. By Lemma 8.1 of [33] we have [hia^h^-^] = [ap], so [a^] >- \T'^\ ^ilhiTih^^]. On 
the other hand ^(a/j) = d{(3) = \T'\d{7i) = \T'^\ '^id{hi7rh~^). It foUows that 

i 

Note that by Lemma 8.1 of [33] [h^^ap.hi] — [ap^], hence 

So we must have [ap] = ^i(0j[^j7r/ij"^]) for some positive integer kj. We note that 
kj = {aj3j,TT) < {(3j, jTT \A^) = rrij by definitions and Probenius duahty. On the other 
hand '^jiTijkj — |r^| = '^j^'j, and we conclude that kj — rUj. Since by definition 
■ji^ = jLJ.^ the proof of the theorem follows. ■ 

4.2 Solitons as representations 

In this section we use tt to denote an irreducible soliton of ^0 on a Hilbert space 7Y^. 
Let TT be a soliton unitarily equivalent to tt but localized on Jq as in the previous 

section. The restriction of tt to ^q, denoted by tt \ A^ is also a soliton. Define 
Hom(7r \Al,TT \Al) := {x G 5(?i^)|x7r(a) = 7r(a)x,Va; G Al], and let (tt \ Al,% \ 
Al) = dimHom(7r[^^,7rt^^). 

Lemma 4.6. (1) 

{TT\Al,n\Al) = (77rr^|;,7vrr^o); 
(2) h &Tt^ if and only if n ■ Ad/j ~ tt as representations of Aq. 

Proof By [31] vr \ A^ and 771 [^q are unitarily equivalent as solitons of A^. Note 
that 77r [^q is localized on Jq, and (1) follows directly. As for (2), we note that hr^nh 
is localized on Jq and unitarily equivalent to tt • Ad/i, and (2) now follows from the 
definition (4.2). ■ 

From (2) of Lemma 4.6 we have for any h G F^, there is a unitary operator 
denoted by n{h) on such that Kd^hy ■ tt = n ■ Adh as solitons of ^o- Since n is 
irreducible, there is a U{1) valued cocycle c^(/ii,/i2) on F^r such that 7r(/ii)7r(/i2) — 
C7r(/ii, h2)n{hih2). We note that C7r(/ii, /12) is fixed up to coboundaries (cf. §2 of [20]). 
Hence /i — > 7r(/i) is a projective unitary representation of F^ on Ti^ with cocycle 0^^. 
Assume that 
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where E is a subset of irreducible projective representations of with cocycle c,r, 
and M„ is the multiplicity space of representation V„ of r^r. Then by definition each 
Mo- is a representation of A^. 

Lemma 4.7. Fix an interval I. Assume that n is a representation of A{I) (resp. 
a projective representation of T' with cocycle Ct^) on a Hilhert space 7i such that 
7t{Ph{x)) — 7r(/i)7r(a;)7r(/i)*, Vx e A{I). Let ai e F' where T' denotes the set of irre- 
ducible representations of V, and ui he an irreducible summand of the representation 
n ofV. Then: 

(1) any irreducible summand a of o\® 02 appears as an irreducible summand in 
the projective representation n of T' with cocycle c^. In particular if CF2 is the trivial 
representation of V then all elements of V' appear as irreducible summand of the 
representation 7T ofV. 

(2) Every irreducible projective representation ofV with cocycle c,r appear as an 
irreducible summand of it, and 

J2 dim(a)2 = |rf . 

(7,(7 has cocycle Cjr 

Proof Ad(l): Since the action of V on A is proper, and A^{I) is a type III factor, for 
any ai G F', by Page 48 of [14] we can find a basis V{ai)i, I <i < dimcTi in A{I) such 
that V{ai)*V{ai)j — Sij, and the linear span of V{ai)i, 1 <i < dimcri forms the irre- 
ducible representation cti of F'. Let W{a2)i ETiA < i < dimo"2 be an orthogonal basis 
of representation (T2. We claim that the vectors niV {(Ji)i)W {(J2) j ^ 1 < < dimai, 1 < 
j < dim(T2 in Ti are linearly independent. If '^ijCijT[{y{ai)i)W{a2)j = for some 
complex numbers Cij, multiply both sides by Tr{V{ai)*) and use the orthogonal prop- 
erty of y((Ti)j's above we have J2j C^ij^{'^2)j — 0, and hence — since W{a2)j''s 
are linearly independent. It follows that the linear span of 'n'(y(ai)i)W{a2)j, 1 < i < 
dimcTi, 1 < J < dim(T2 gives a tensor product representation of F' on a subspace of 7i, 
and the lemma follows. 

Ad (2): Let (73 be an irreducible summand of tt, and let (74 be an arbitrary ir- 
reducible projective representation of F' with cocycle Ctt. By definition (8) (74 is a 
representation of F' (0-3 stands for the conjugate of 173), and hence <S> cr^ >- for 
some (T5 G F', and it follows that (T4 appears as an irreducible summand of (73 ® Cs, 
and so by (2) every irreducible projective representation of F' with cocycle appears 
as an irreducible summand of tt. Note the twisted group algebra C^'' [F'] with cocycle 

(cf. P. 85 of [20]) is semisimple, and the equahty in (2) follows. ■ 

Theorem 4.8. (1) Hom(7r [^^,7r \ A^) = 0^^^ Mat(dim(CT)) where E is the set of 

irreducible projective representations of F^ with the cocycle c„; 
r^;E.ei^dim(a)2 = |F;|; 

(3) Ma as defined before Lemma ^.7 is an irreducible representation of A^, and 
Mg. is not unitarily equivalent to M^i if o ^ a' . 
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Proof (1) (2) follows directly from Lemma 4.7. As for (3), note that by (2) of 
Lemma 4.3 and (1) of Lemma 4.6 we have (tt f A^,Tf f ) = |r'|. On the other 
hand (tt |'.4^,7r \ A^) > ^o-ggdimV^^ with equality iff as above is an irreducible 
representation of ^q, and is not unitarily equivalent to M^./ if o" 7^ o"'. Since we 
have equahty by (2), (3) is proved. ■ 

Since for cychc group if^(Zfe, = 0, we have proved the following corollary 

which generalizes Lemma 2.1 of [45]. 

Corollary 4.9. If T'^ = l^k for some positive integer k, then Hom(7r \ AF ,11 \ Ai^) is 
isomorphic to the group algebra ofLk, andir \AF decomposes into k distinct irreducible 
pieces. 



5 Solitons in AfRne Orbifold 

5.1 Conformal nets associated with the afRne algebras 

Let G be a compact Lie group of the form G := x x • • • x where G° = U{lY, 
and G^,j = l,...,s, are simple simply-conncctcd groups. Let g-^ denoted the Lie 
algebra of G\j = 0, s and let L := {u e gOje^™ = 1}. Note that G° = U{lY = 
W /L. We assume that g = is equipped with a symmetric even negative definite 

invariant bilinear form. This means that the length square of any cu e ig^{j = 0, s) 
such that e^'^"^ = 1 is an even integer. Note that our condition on the bilinear form is 
slightly stronger than the condition on P. 61 of [18] to ensure locality of our nets (cf. 
Remark 1.1 of [18]). When restricted to a simple g-', the even property means that 
the bilinear form is equal to kj{v\v'), where kj e N will be identified with the level of 
the afRne Kac-Moody algebra g-' and 

{v\v') = -^IYg,(Ad,Ad,0 

{gj is the dual Coxeter number of g-'). We will fix /cq = 1. 

We will denote by LG the central extension of LG whose Lie algebra is the 
(smooth) afiine Kac-Moody algebra g. For an interval / C 5*^, we denote by LjG : 
{/ G LG\f{t) = e,Vt e /' where e id the identity element in G, and L/g : {p e 
-^gb(^) — 0'^^ ^ ^' ■ We will write elements of Lg as (/, c) where / e Lg,c e C 
and (0, c) is in the center of Lg. Denote by Aq^ the conformal net associated with 
representations of LG at level k — {kg, ...,ks)- The following lemma follows from [41]: 

Lemma 5.1. Aq^. is strongly additive. 

For simphcity we will denote Ag^: by A in this chapter. Let Zj C G^ denote the 
center of G^,j = 1, s, and let Z° = L*/L where L* := {// e g°\{f^\uj) e Z,yuj e L}. 
The following finite subgroup of G will play an important role: 

Z{G) -.^ X X ■■■ X Z' 
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Recall from §4.2 of [18] that an element g E G is called non-exceptional if there 
exists P{g) G ig such that g = e^'^*^*^^) and the centralizer Gg := {b' G G\b'gb'~^ = g} 
of g is the same as Gp^g) : {b' G G\b'(3{g)b''^ = (3{g)}, the centralizer oi (3{g). 

Let r be a finite subgroup of G. Then it follows by definition that F acts properly 
on A. We will be interested in the irreducible representations of A^. Note that 
Z(G) acts on A trivially. Hence A^ = A^^'^^'^^'^ where {T,Z(G)) is the subgroup 
of G generated by T,Z{G). Without losing generality, we will always assume that 
r D Z{G). By definition before (3.4) we have T = T/Z{G). 

The following definition is definition 4.1 of [18]: 

Definition 5.2. A group T is called a non-exceptional subgroup of G if for any 
g & r there exists C G Z{G) such that C,g is a non- exceptional element. 

Recall from [18] that every element of Z can be written in the form 

Here A^'^-' generate the finite abelian group L* / L; for each simple component g the 
fundamental weight Aj belongs to the set J (1.33) of [18]. If both g and Qg are 
non-exceptional, we can write 

= m + A. + m, [P{g),P{Qg)] = 0, e^-- = 1. (9) 

Now we define the action of Q on A. By Lemma 4.1 of [18] the phase factor 

aj{b') = e2-^('=^^-+'="^l/5')^ y = e^-'^' G Tg, [/f , A, + m] = (10) 

gives a 1-dimcnsional representation of aj of Tg. The transformation A Cj{-^) of a 
lattice weight A G L* is given by Cj{A) = (A + Aj)modL. If g is a simple rank / Lie 
algebra and A is an integral weight at level k, then Cj{A) := kAj + wjA where wj is 
the unique element of the Weyl group of g that permutes the set {—0, ai, ai} and 
satisfies —Wj9 — aj. 

Definition 5.3. [18] For any ( e Z , A = E,. A^ we define: 

C(A) = ^(^,.A^ + ^.A,J. 

We will use tta to denote the irreducible representations of LG on a Hilbert space Ha 
with highest weight A. 

Note that tta gives an irreducible representation of Agi, by §3 of [8] on Ha- We 
will write C = e^'^^'^^'^) with /3(C) = (/9(Cjo^), ■■■,/9(Ci^)) and /?(Cj^^^) = aJ.''^ + m where 
m is as in (10). Let Pg : [0,1] ^ G be a map with Pg{e) = e^'^^/^^f)^ < ^ < 1, 
P^g : [0, 1] ^ G be a map with P^g{e) = e^^^^^^^')^ < ^ < 27r, and P^ : [0, 1] ^ G be 
a map with P({6) = < 9 < 1. We note that Adp^ is an automorphism of 

LG since ( is in the center of G. 
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Lemma 5.4. (1) If g is non- exceptional then Pg G Z{Gg); 
(2) If (g, g are non- exceptional then P^gP~^ = P^. 

Proof U h & Gg, since g is non-exceptional, it follows that 
and (1) is proved. 

Since (g, g are non-exceptional , by (9) [P{Cg):P] — and (2) follows immediately. 

■ 

Lemma 5.5. If C9, 9 CLf^ non- exceptional in , and with notations as above, we have: 

(1) Adp^ lifts to an automorphism denoted by Ad,^ of LG; 

(2) The induced action of Ad^^ on Lg is given by 

Adc(/,c) = (Adp^./,A;(C|/) + c); 

(3) There is an unitary U : 'H^(a) H\ such that U*7Ti^(^\){Adi^)U = tt\ as repre- 
sentations of LG; 

(4) U*TiQi^f^){h)a,^{h)U — 7r\{h) for any h e Tg, where o"^ = <S>uCj^ with Uj^ as 
defined in (10). 

Proof We note that the path P^^gP* is an element of L{G/Z{G)). When G is 
semisimple, (1),(2) follows from Lemma 4.6.5 and equation (4.6.4) of [36]. The proof 
in §4.6 of [36] also generalizes easily to the proof of (1) and (2) when G = Gq = U{lY. 
As for (3), first note that 7rij(A)(Ad^) is an irreducible representation of LG, since such 
irreducible representations are classified (cf. [36] and [17]), we just have to identify it 
with the known representations. By using Th. 4.2 of [18] for the special case when 
the group F is trivial, we conclude that the character of 7r^(A) • Ad^ is the same as that 
of 7r\{LG), and it follows that they are unitarily equivalent as representations of LG. 
For any h = e^'^''^' eGgG LG, by (2) we have 

TTAiAd^ih)) = Ti^{h)Y[e^''"'^^'\^^^+"'^ = 7rA{h)a^{h) 
Using (3) we have 

C/*7rc(A)(/l)(7c(/l)C/ = 7rA(/l) 



5.2 Constructions of solitons 

Let tta be an irreducible representation of LG with highest integral weight A. We 
will denote the net Ac simply by A in this section. For g E G, let (3{g) be an 
element in the Lie algebra of G such that e^^^^^^) = g. Define Pg{e) := e^'^'^^^^') , < 
6 < 1. Identify M with the open interval (0, 1) via a smooth map ip : (— oo, -|-oo) 
(0, 1), (p{t) = ;i(tan"^(t) + I). For any / C M, Let Pg^i G LiG be a loop localized on 
/ such that Pl,i{t) = Pg{cp{t)),yt e I. 
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Definition 5.6. For any x e A{I), define 7:K,g,i{x) := 7r\{PgjxP*j). 

We note that the above definition is independent of the choice of Pgj: if Pgj 
is another loop such that Pgj{t) — Pgj{t),yt e /, then Pg,i{t)P~] is a loop with 
support in and so 7r\{PgjxP*j) = nA{PgjxP* j),\/x G A{I). One checks easily that 
definition (5.6) defines a soliton, and we denote it by vta^^. 

Fix Jo := (0, oo) C M. To obtain a soliton equivalent to tta^^ but localized on 
Jo, we choose a smooth path Pg° e C°°(]R, G) which satisfies the following boundary 
conditions: Pg°{t) = e, if — oo<t<0 and Pg°{t) — g,if 1 < t < oo. For any interval 
7 C R, we choose a loop P^° e LG such that P^°{t) = Pg°{t),\/t e I. 

Definition 5.7. For any x G A{I), define TiK,g,i := A{Pg]xPg°/) where we use A to 
denote a representation unitarily equivalent to tt\ but localized on Jq. 

We denote the soliton in the above definition as 'KK,g- 

Proposition 5.8. The unitary equivalence class of 7r\^g is independent of the choice 

of the path Py° as long as it satisfies the boundary conditions given as above, and tta g 
is localized on Jq. Moreover n^^g is unitarily equivalent to TTA,g, o-nd n/^^g restricts to a 
DHR representation of A''^'^ where {g) denotes the closed subgroup of G generated by 
9- 

Proof If Pg° is another path which satisfies the same boundary condition as Pg'^, 
then Pg'^Pg^ ^ G LG, and the first statement of the proposition follows by definition. 
By definition TTA^g^j^{x) = x,\/x E A{Jq) since Pg°{t) = e, if — oo < t < 0, and so 
TTA^g is locahzed on Jo- Since Pg°P~^ extends to an element in LG, it follows that 
TTA^g is unitarily equivalent to 7i'A,g- To prove the last statement, let I be an interval 
with — 1 e 7. It is sufficient to show that tta.,; has a normal entcnsion to A^^'^{I). 
Recall from §3.6 that we identify M = S'"'^ \ { — 1} and Jq = (0, oo) C M. Since the 
net A is strongly additive by Lemma 5.1, and so ^4^^^ is strongly additive by [49], 
we can assume that A^^\l) = ^^^^(— oo, a) V A''^\b, oo) where a < b. Let us assume 
that -Pf? oo a) Pqlb oo) clcments in LG such that Ad^^^Jo ^ = 7^A,g,{-oo,a) 

' ' 9,{ — oo,a)' 

and Ad^,pJo . = nA,g,{b,<x>) as in Definition 5.7. Choose an element P e LG so 

that P{t) = gPgl_^^,^{t), -oo < t < a and P{t) = Pgl,^^^{t),h < t < oo. Then by 

definition AdA(P)(a;) = 7TA,g{x),\/x G w4^^^(— oo, a) V A'^^^b, oo), and hence AdA(P) 
defines the normal extension of 7rA,g to A^^\l). ■ 

Proposition 5.9. As sectors of A{Jo) we have: 

(V l^A,g] = [AVTI,,]; 

(2) [7ri,g,7ri,g^] = [7ri,g,g2],[h7rA,gh ^] = [7rA,hgh-A'^ 

(3) Assume that A, /i are irreducible DHR representations of A. Then (A, /nri^gh) — 
1 if and only if h E Z{G),g G Z{g) and A = g~^{ij) where the action of the center is 
as in (5.3). In all other cases {A, /nri^gh) — 0; 
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(4) //Ai,A2 are irreducible DHR representations of A , then (7rAi,gi, vrA2,g2^) = 1 
if and only if h & ^{G) and there exists a g E Z{G) such that §2 = ggi and A2 ~ 
g^^{Ki). In all other cases (vrAi,gi, VTAj^gj^) = 0; 

(5) The stabilizer ^K,gOf "Kk^q (cf. (4-^)) is given by V\g — {h E V\hgh~^ — 
g^g,g^{K)^K,g^eZ{G)}. 

Proof (1) and (2) follows directly from definition 5.7. Now assume that (A, jJiiii^gh) ~ 
1. By lemma 8.5 of [33] we conclude that [h\ — [1] and so h e Z{G), hence [A] — 
[UTTi^g], and it follows that yuvri^g is a DHR representation of the net A. In particular 
/UTTi.j, is normal on ^(—00, 0) V ^(1, 00). Choose fi to be localized on ^(0, 1). Since 
A{—oo,0) V A{l,oo) is a type III von Neumann algebra, there is a unitary u such 
that 'n'i,g{x) — uxu*,\/x e ^(— oo,0) V A{l,oo). Since iri^g — id on A{—oo,0) and 
TTi^g = Adg on ^(1,00), we have u e ^(— oo,0)' fl ^'^(l,oo)'. By (2) of Lemma 3.6 
in [49] the pair A'^ C ^ is strongly additive (cf. Definition 3.2 of [49] ) since A is 
strongly additive by Lemma 5.1, and so A{—oo, 0)' fl ^'"(1, 00)' = ^(0, 1). Therefore 
u e .4(0, 1), Adg(a;) = x,Wx E A{1, 00), and so 5^ G Z{G). Hence we have {A, /ini^g) ~ 
1. By (3) of Lemma 5.5 and definition of iTi^g we have A = g~^{l^) where the action 
of the center is defined in (5.3). 

As for (4), by (1) and (2) we have 

(7rAi,ffi,7rA2,s2/i) = (Ai7ri,gi, AsTTi^gj/i) = (Ai, AsTTi^g^/iTr^^^^-i) (11) 

= (Ai,A27ri,,,,,-i,-i/i) (12) 

and (4) follows from the above equation and (3). (5) follows from definitions and (4). 



5.2.1 Compciring solitons with "twisted representations" 

Let e'^'^'^f^ — g and choose the Cartan subalgebra of g which contains p. In the definition 
(5.6), if we choose x = 7ri(y),y e L/G, then 7rA,p,/(7ri(y)) = TT^{PgjyP*j). Note that 
Adpg J is an automorphism of LjG, and induces an automorphism on L/g. By Prop. 

4.3.2 of [36], if we write elements of L/g as (/, c), where / e G°°{S^, g) with support 
in 7, and c e C, then 

Adp^,,(/,c) = (Adp^,,./,c + ^(/3|/)) (13) 

Let us check that (13) agrees with the definition of twisted representation 2.11-2.14 
of [18] on L/g, V/ C ]R. Let E"^ be a raising or lowering operator as on Page 64 of 

[18]. Let fl G C~(5\R) be a smooth map such that fi(t) = 0,Vt G By the 
commutation relation [E°'^(3] = —{a\P)E" we have Adp j.f = where 
^-(al/3) g-2^ie(a|/3) ^ function on [0, 1], and (/3|/i^") = by definition. By (13) 
we have 

Adp^,,(/i£;",c) = (z-H/^)£;"A,c) 

which is the restriction of (2.11) of [18] to L/g. Similarly one can check that (13) 
agrees with the definition of twisted representation 2.12-2.14 of [18] on L/g, V/ C R. 
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Hence our soliton representations in Definition 5.6 can be regarded as "exponentiated" 
version of tlie twisted representations in §2 of [18]. In tlie next section we sliall 
see that these sohton representations are important in constructing irreducible DHR 
representations of A^. Motivated by the above observations, we have the following 
conjecture: 

Conjecture 5.10. There is a natural one to one correspondence between the set of 
irreducible DHR representations of and the set of irreducible representations of 
the orbifold chiral algebra as defined on Page 74 of [18] with gauge group V. 

We note that this conjecture, together with the results of §5.4 and §5.5, give a 
prediction on the the set of irreducible representations of the orbifold chiral algebra 
as defined on Page 74 of [18] with non-exceptional gauge group V. 

5.3 Completely rational case 

Assume that the net A associated to G has the property that 

A 

where the sum is over all irreducible projective representations of LG of a fixed level. 
When G — SU{N) this property is proved by [46]. We show that all irreducible 
DHR representations of A^ are obtained from decomposing the restriction of sohtons 
TTA^g to A^, answering one of the motivating questions for this paper. By Prop. 4.4 
7'"Ai,gi \ A^ ~ ^A2,g2 \ there exists h E T such that [hnA-^^^gj^h~^] = [7iA2,g2- By (2) 
and (4) of Prop. 5.9 this is true if there is a (73 G Z(G) such that A2 = ^'^^(Ai) and 
92 = hg^gih'^. Define an action of group Z{G) x F on the set (A, g) by {g^, h).{A, g) ~ 
(5(3~^(A), hg^gih~^). Denote the orbit of (A, ^f) by {A,5(}. Note that the stabilizer of 
{h.,g) has the same order as the stabilizer V\^g of tta^^, by (5) of Prop. 5.9. Hence 
the orbit {A, g^} contains ^^'^^^^'^^ elements. Let [ttta^j,] = Z^j^^iiA] where (5i are 
irreducible DHR representations of AF . 

By Th. 4.5 Y.i d{Pif = By Prop. 4.4 we get the sum of index of 

all different irreducible DHR representations of A^ coming from decomposing the 
restriction of tta.p to A^ is given by 

{A,g} I ^.ffl 

Since the orbit (A, g} contains ^^^^^i'"^ elements, the above sum is equal to 

where in the last = we have used Th. 3.7. By Th. 33 of [21] we have proved the 
following: 
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Theorem 5.11. If equation (I4) holds, then every irreducible DHR representation of 
Jj- is contained in the restriction of7T\^g to for some A,g where 7i\^g is defined as 
in (5.7). 

Let G = SU{Ni) X SU{N2) x ■ ■ ■ x SU{Nm) and let level k - {h, ...,km). Since 
Ag^. verifies equation (14) by [46], we have the following: 

Corollary 5.12. LetT cG = SU{Ni) x SU{N2) x ■ ■ ■ x SU{N^) be a finite subgroup. 
Then every irreducible DHR representation of A^^ is contained in the restriction 
of TTA^g to Aqi^ for some A, g E T where 7i\^g is defined as in definition ( 5. 7) and 
A^^ is the conformal net associated with the projective representation of LG at level 
k — [ki, km) ■ 

5.4 Identifying representations of J\F for non-exceptional V 

In this section we assume that F is a non-exceptional finite subgroup of G (cf. 5.2). 
Assume that g eV is a. non-exceptional element in V with g = e^'^*^ and Gg = Gp. We 
will choose the path Pg as Pg{0) = e^'^'^^^, < 6 < 1. Let a be an irreducible character 
of the group := Fn = F^. Let 

^A.. ^= TfT E ^*ih)Mh) (15) 

By Lemma 5.15 PA,aT^A,g is a direct sum of a(l) copies of a DHR representation of 
(on Pa^ct'^a) which we denote by 'n'A,g,a- We have: 

Proposition 5.13. Let h e NoiTg) :— {b e G|6Fp6~^ = F^}. Then as representation 
of A^^ we have 

where is an irreducible representation ofV^gh-i defined by a^{b) = a{h~^bh). 
Proof By definition (5.6) Vx e A{I), / C R we have 

TVAA^^h-^^) = 7iA{Pg,ih-'xhP;j) = 7iA{gy7iA{hPgjh-'xhP;jh-')7rAih) (16) 

^ ■KA{h)*TTA,hgh-^{x)^A{h) (17) 

On the other hand from the definition (15) one checks that 

TlA{hyP^^^hTlA{h) = PA,a 

It follows that Vy e A^o{I) 

T^A,g,a ' Ad,,-i7/ = 7rA(^)*7rA,ftg/,-i,^'. (|/)7rA(^) . 
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Proposition 5.14. For the pair of non- exceptional triples X — {A,g,a) and 
C(X) := ( J]K-.A" + KAj^, (g, a ® 

V 

where Oj^ is defined as in (10), we have ttx — 7'"c(x) as DHR representations of Aq . 
Proof For any a e A{I) we have: 

^c(A),c.(«) = Hi^){Pc9p;p9<^p;p9PL) = H(A)iPcP9^p;Pc) 

where we have used (2) of Lemma 5.4. By (3) of Lemma 5.5 There exists a unitary 
U such that 

7r^^A)iPcP,aP;P*) = Unj,MU\ 

By (4) of Lemma 5.5 

7raA){h) = U7rA{h)a<:{h)U% 
and it follows by definition (15) 

hence the proposition is proved by definition. ■ 

5.5 Details on decomposing solitons: fixed point resolutions 

Assume that g eT is a non-exceptional element with g = e^'^*^ and Gg = Gp. We will 
choose the path Pg as PgiO) = e^''*''^, < 6* < 1. Let Tf^^g ~ Yli'^A where /3j are 
irreducible DHR representations of AF . Define Vg := {h e T\hg = gh}. Note that Tg 
is a normal subgroup of Fa.^ and FA,p/Fp — {he Z{G)\hA — A} is an abelian group 
(cf. (5) of Lemma 5.9). 

Lemma 5.15. For all x e A{I), h G F^, 

T^K{h)'KK,g{x)'KA{h)* = 'kK,g{hxh*). 

Proof Since 7ri{LjG) generates A{I), it is sufficient to check the equation for x — 
'^i{y)-iy £ LiG. As elements in LG we have 

hPg,iyP-}h-' = P9,ihyh-'P-} 

where we have used hPgh~^ — Pg by (1) of Lemma 5.4. It follows by definition (5.6) 
that 

T^K{h)'kK,g{x)'KK{h)* = 7tA^g{hxh*) . 
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Assume that when restricting to A^^, TYa = ©o-eE ^cr®K- where V^j are irreducible 
representation spaces of Tg, E G IrrF^ and M„ the corresponding multiphcity spaces. 
By Th. 4.1 of [18], a appears in the above decomposition iff a\Z{G) = K\Z{G). 
Applying Th. 4.8 to the pair AF^ C A, each with a\Z{G) = A|Z(G) is an 
irreducible DHR representation olAF<'. We will denote M^- by T^K,g,a- When VA,glTg is 
nontrivial, the next question is how T^\,g,a decomposes when restricting to A}^^'^ . This 
is the issue of "fixed point resolutions" , since the action of the center has a nontrivial 
fixed point on the quadruples as described on Page 78 of [18], and the question about 
the nature of how TTA,g,<j decomposes as representation of AF is implicitly raised. 
Assume that TA,g/Tg = {h E Z{G)\hK = A}. Then A^^'^ C A^^' is the fixed point 
subnet under the action of TA^g/Tg. Note that T^.g/^g — {C E Z[G)\(^A — A} and 
denote the isomorphism by /i — > C(^)- Then we have: 

Theorem 5.16. (1): 

{7^A,g,a \A^,7lA,g,a \ A^) = \{h E T A^g/T g\a^(h) ^ CT (g) Crf}| 

where o"(^(/j) is as defined in (4) of Lemma 5.5; 

(2): TTA,g,a \ decomposes into irreducible representations of A^ which are in 
one-to-one correspondence with all irreducible projective representation of the group 
^A,g/^g with a fixed cocycle. 

Proof Ad (1): AF'^'^ C AF^ is the fixed point subnet under the action of VA,g/^g- 
Applying Lemma 4.3 to the pair AF'^^<' C AF^, {^A,g,a \ ■^^■,'^A,g,a \ ■^^) is equal 
to the number of elements h E VA,g/^g such that T^A,g,a — '^A,g,a{-^d-h) as represen- 
tations of A^^'. By Prop.5.13 TVA.g.ai^dh) ~ 'n-A,hgh-^,a'^ = ^A,ah)g,ah, and by Prop. 
TrA,g,a — T^A,c{h)g,a®UQ(h) representations of A}^^ It follows that 'KA,g,a — nA,g,a{Ad.h) 
as representations of A^^ iff cr'^ ~ cr cr^(/i) . Hence 

{7^A,g,a 7rA,p,^ \ A^""'') ^ \{h E T A,g/r g\a<;^h) - CT ® (jj] 

By (4) of Lemma 4.3 (1) is proved. (2) follows by applying Th. 4.8 to the pair 
A^A,g (- ^^-^ Lemma 4.3. ■ 

Combine the above theorem with Cor. 4.9 we immediately have: 

Corollary 5.17. If the group {h E TA,g/Tg\a'^ ~ a<S)0'^{h)} is cyclic of order m, then 
^A,g,(j \ AF decomposes into m irreducible pieces. 

5.6 An example 

Here we illustrate Cor. 5.17 in the example 6.4 of [18]. We keep the same no- 
tation of [18]. Set G = SU{2) and T = the quaternion group. has 8 
elements, {1, e, qi, e, Qi, i = 1,2, 3, }; they obey the multiplication rules = e, qiqjq^^ — 
eqj = qj^ ,i 7^ j- We note that qi, eqi are non-exceptional elements of SU (2). The cen- 
tralizer of P^. ~ Z4, and we will label its irreducible representations by the exponents 
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a = 0, +1,-1,2. There are 5 irreducible representations of Hg, {«0i ciii 0:2, as, 04} 
with dimensions 1, 1,2, 1, 1 respectively. The characters of these representations are 
given on Page 94 of [18]. 

Consider the net Asu{2)2k^ ■ The irreducible DHR representations of Asu{2)2k^ are 
labeled by irreducible representations of LSU{2) at level 2ki, and we will use integers 
0,l,...,2/ci to label these representations such that is the vacuum representation. 
The only representation which is fixed by the action of the center is ki. We note 
that (Je = 2/ci(mod)4. When ki is odd, consider the DHR representation Tiki,qj,i- We 
have ^ki,qj — Hg. We note that — 2A;i(mod)4, and so the stabilizer of Trki,qj,±i 
is {h e Hg/'Li\a^ ~ <^cw} — ^2- Hence by Cor. 5.17, T^ki,qj,±i decomposes into 
two distinct irreducible DHR representations of ^5^(2)2*, ■ When k-i — 1 this is first 
observed in [18] by identifying ^5^(2)2^ ^^^^ tensor products of three "Ising 
Models" (cf. Page 99 of [18]). 

When ki is even, consider the DHR representation T^k-^^q.^ or Similar as 

above the stabilizer of Tiki,qjfi or 'Kki,qj,2 is Z2, and by using Cor. 5.17 again we conclude 
that TTfc^ or '^ki,qj,2 dccomposes into two distinct irreducible DHR representations 



6 Constructions of solitons for permutation orb- 
ifolds 

6.1 Preliminaries on cyclic orbifolds 

In the rest of this paper we assume that A is completely rational. V := A® A... ® A 
(n-fold tensor product) and B :— X>^" (resp. V^'^ where P„ is the permutation group 
on n letters) is the fixed point subnet of V under the action of cyclic permutations 
(resp. permutations). Recall that Jq — (0, 00) C M. Note that the action of Z„ (resp. 
P„) on T) is faithful and proper. Let v E T>{Jq) be a unitary such that (3g{v) = e^v 
(such V exists by P. 48 of [14]) where g is the generator of the cyclic group Z„ and 
(3g stands for the action of g on V. Note that a := Ady is a DHR representation 
of B localized on Jq. Let 7 : X'(Jo) B{Jo) be the canonical endomorphism from 
V{Jo) to B{Jo) and let 7^3 := 7 [i3(Jo). Note [7] = [1] + [g] + ... + [^"-^] as sectors 
of 'P(Jo) and [7^] = [1] + [a] + ... + [o""^^] as sectors of B{Jq). Here [(?*] denotes the 
sector of P(Jo) which is the automorphism induced by g''. All the sectors considered 
in the rest of this paper will be sectors of V^Jq) or B{Jo) as should be clear from their 
definitions. All DHR representations will be assumed to be locahzed on Jq and have 
finite statistical dimensions unless noted otherwise. For simplicity of notations, for a 
DHR representation (Tq of T> or B localized on Jq, we will use the same notation (Tq 
to denote its restriction to 'D(Jo) or B{Jq) and we will make no distinction between 
local and global intertwiners for DHR representations localized on Jq since they are 
the same by the strong additivity of T> and B. The following is Lemma 8.3 of [33]: 
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Lemma 6.1. Let /i be an irreducible DHR representation of B. Let i be any integer. 

Then: 

(1) G{fx,a') :=e{fi,a')e{a\fi) E C, G{fx,ay = G{ix,a'). Moreover G{fi, a)"" = 1; 

(2) If Hi -< ^2A*3 with Hi, ii2, IJ'S irreducible, then G{iii,a^) — G'(//2, c*)G(/i3, o"*); 

(3) fi "is untwisted if and only if G{iJ,, a) — 1; 

(4) G{fl,a^)^G{pi,a^). 

6.2 One cycle case 

First we recall the construction of solitons for permutation orbifolds in §6 of [33] . Let 
/i:S'^\{ — 1}~]R— >S'^bea smooth, orientation preserving, injective map which is 
smooth also at ±cxd, namely the left and right limits lim^^.ii exist for all n. 

The range h{S^ \ { — 1}) is either 5"^ minus a point or a (proper) interval of S^. 

With 7 e T, -1 ^ 7, we set 

where k e Diff(5'^) and k{z) = h{z) for all 2; e 7 and U is the projective unitary 
representation of Diff(S'^) associated with A. Then j does not depend on the 
choice of A; e Diff (5^) and 

: 7 ^ ^h,i 

is a well defined soliton of ^0 = -4. f M. 

Clearly $,,(^o(K))" = A{h{S^ \ {-1}))", thus is irreducible if the range of h 
is dense, otherwise it is a type 111 factor representation. It is easy to see that, in the 
last case, does not depend on h up to unitary equivalence. 

Let now f : ^ he the degree n map f{z) = z". There are n right inverses 
hi, i = 0, l,...n — 1, for / (n-roots); namely there are n injective smooth maps 
/ij : 5"^ \ {-1} S'^ such that f{hi{z)) ^ z, z e {-I}- The hi's are smooth 
also at ±00. 

Note that the ranges hi{S^ \ { — 1}) are n pairwise disjoint intervals of S^, thus 
wc may fix the labels of the /ij's so that these intervals arc counterclockwise or- 
dered, namely we have /io(l) < ^i(l) < ■■■ < /i„-i(l) < ho{l), and we choose 

- 27V ij 

hj — e n /to, < J < n — 1. 

For any interval 7 of R, we set 

vri,{o,i...n-i},/ = XI ■ i^ho,i ® ^hui ® • • • ® , (18) 

where Xi is the natural isomorphism from A{Io)®- ■ ■®v4(7„_i) to ^(7o)V- • •V.4(7„_i) 
given by the split property, with 7^ = hk{L). Clearly tti |o,i...n-i} is a soliton of 
Vq = Aq ® Aq ® ■ ■ ■ ^ Aq (n-fold tensor product). Let p e P„. We set 

7ri,{p(0),p(l),..,p(n-l)} = 7ri,{o,l...,n-l} • (19) 

where P is the natural action of P„ on T>, and 7ri,{o,i...,n-i} is as in (18). The following 
is part of Prop. 6.1 in [33]: 
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Proposition 6.2. (l); Index(7ri^{o,i...,n-i}) = f^A ^ ■ 

(2); The conjugate o/7ri,{o,i...,n-i} 7^l_{o,„_l,„_2,...,l}• 
Let A be a DHR representation of A. Given an interval / C \ we set 

Definition 6.3. 

7rA,{p(0),p(l),...,p(n-l)},7(2;) = 7rA,j(7ri,{p(o),p(l),...,p(n-l)},/(a;)) , X G ©(/) , 

where 7ii,{p(o),p(i),...,p(n-i)}.i is defined as in (19), and J is any interval which contains 
Jo U Ji U ... U I-n-i- Denote the corresponding soliton by 7rA,{p(o),p(i),...,p(n-i)}- When p 
is the identity element in P„, we will denote the corresponding soliton by 7i\^n- 

The following follows from Prop. 6.4 of [33]: 

Proposition 6.4. The above definition is independent of the choice of J, thus 7rA,{p(o),p(i),...p(n-i)},/ 
is a well defined soliton ofT>. 

We can localize 7ri^{p(o),p(i),...p(„-i)}; 7^\,{p{o),p{i),...p{n-i)} and A on Jq. Denote by 
71", tta and (A, 1, 1, 1) := X ^ l ® l ■ ■ ■ ® l \ V{Jq) respectively the corresponding 
endomorphisms ofV{I). Then as sectors ofVi^Jo) we have 

[7rA] = [^-(A,l,l,...l)]. 

In particular Index(7rA,{p(o),p(i),..p(n-i)}) = rf(A)^//^~\ 

6.3 General case 

Let '■ {0, 1, n — 1} — > £ where C is the set of all irreducible DHR representations 
of T>. For any p G P„ we set p.ip{i) := ip{p~^.i),i = 0, ...,n — 1 where acts via 
permutation on the n numbers {0, 1, n — 1}. Assume that p.ip = ip, and p = Ci...Ck 
is a product of disjoint cycles. Since p.ib = ip, ip takes the same value denoted by 
ip{cj) on the elements {ai, 02, ...aj of each cycle cj = (ai...a;). A presentation fj 
of the cycle cj — {ai...ai) is a list of numbers {hi,..., hi} such that {hi. ..hi) — Cj as 
cycles. The length l{fj) of fj is I. We note that for a cycle of length / there are / 
different presentations. For each element a; = ® Xi ® ■ ■ ■ ®a;„_i G V, and each cycle 
c = {ai...ai) with a fixed presentation / = {hi, ...6/}, we define Xcj = Xb^^^Xb^®- ■ -^Xbi- 
Now we are ready to define solitons for permutation orbifolds: 

Definition 6.5. Assume that p.ip = ijj and p = Ci...Ck is a product of disjoint cycles 
as above. For each Cj we fix a presentation fj. Then for any x = xo®xi®- ■ - ^Xn-i G 
V{I),I C \ -1 = 

7ry,,p = 7^i;,ciC2...,Ck,fu...fki^) = ^Xi,l{fi)i^cuh) ® 7rA2,i(/2)(Xc2,/2) • • • (8 ^\k,l{fk)i^Ck,fk) 

on H^{ci) <S> 'Hf{c2) <S> ■ ■■<S> H^ick) where 7TXj,i{fj) is as in Def 6.3. 

Here and in the following, to simplify notations, we do not put the interval suffix 
/ in a representation, if no confusion arises. 
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Lemma 6.6. The unitary equivalence class of n^^p in Definition 6.5 depends only on 

Proof We have to check that the unitary equivalence class of vr^^p in Definition 6.5 is 
independent of the order Ci, ...c^ and the presentation of Cj. The first case is obvious, 
and second case follows from (a) of Prop. 6.2 in [33]. ■ 

Due to the above lemma, for each p e P„ we will fix a choice of the order ci, ...Cfe 
and presentations of ci, ...Cfe. For simplicity we will denote the corresponding soliton 
simply by n^^p. 

Proposition 6.7. 'Kh.'^,hph-'^ — T^\p,p ■ Ph-'^ solitons oJVq, p,h & P„. 

Proof Let p = Ci...Ck be a product of disjoint cycles with Cj = {ai...ai). Then 
hph"^ — hcih~^...hckh~^ with hcjh~^ — {h{ai)...h{ai)). Note that h.ip{h{ai)) ~ 
V'(ai) = V'(cj), and /3h-i{xo <S) Xi <S) ■ • ■ <S) Xn-i) = Xh{o) <S> Xh{i) <S) ■ ■ ■ <^ Xh{n-i), Va^o ® 
Xi<Si- ■ ■<SiXn-i e T^{I)- The proposition now follows directly from definition (6.5). ■ 

7 Identifying solitons in the permutation orbifolds 

The goal in this section is to prove the following: 

Theorem 7.1. Let 7r^i,pi, '?i"V2,P2 ^'^^ solitons as given in definition (6.5). Then 
TT^^^p^ ~ 7''V'2,P2 solitons ofVo if and only if ipi — ip2,Pi — P2- 

We note that even for the first nontrivial case n = 3 we do not know a direct proof 
of the theorem. Our proof is indirect and is divided into the following steps: 

7.1 Identifying solitons: Cyclic case 

We will first prove Th. 7.1 for the case when both pi,P2 are one cycle. In this case ijji 
(resp. 1IJ2) is a constant function with value denoted by Ai (resp. A2). We will denote 
■ipi (resp. 'ip2) simply by Ai (resp. A2). If (7 G F, we will denote by V^^'^ the fixed-point 
subnet of V under the subgroup generated by g. 

Proposition 7.2. (1). Let gi = (01,. ..n — 1) and g2 — g'^ with {m,n) — 1. Then 
^Ai.gi - TTAi.ga if cmd Only if Xi = X2,gi = g2; 

(2). //7rAi,gi restricts to a DHR representation a subnet B with P^fi^ C B C V, 
then B ^ V'^ai) _ 

Proof Ad (1): It is sufficient to show that if 'Kx^^g^ — 'n'\i,g2, then Ai = X2,gi = g2- 

Since {m,n) = 1, there exists /i e P„ such that hgih~^ = g2. By Prop. 6.7, we 
can assume that 'Kxi,gi — '^\2,gi " Ad/j. As in §8.3 of [33], we denote the n irreducible 
DHR representations of P^fi) of T^\^,g-^ by t^°\ ...,t^~^\ Since 'K\-^,g^ ^ '^X2,gi ' ^^h, 
we must have r^^ ~ r^*j ■ Ad^ for some 0<i<n — 1. By (48) of [33] we have that 
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[r{°^] -< [(A, 1, 1) tr'<3i>^(o)]^ g^j^^ (2) and (3) of Lemma 6.1 we have G{t^^J , a''^^^) = 
G{t^^\ a''^-^^) = e^, where 1 < k{l) < n — 1 and (k(l),n) = 1 (cf. the paragraph 
after (47)). Similarly G(r{*\ cr'^*^^'') = e^. On the other hand note that by definition 

G(r« • Ad.), a'^W • Ad.) = G(r», a'^W) = 

Since [Ad/i.gi] = [g"^], we have cr • Ad. ~ a"^, and so we have 

G(r« • Ad., a'^^'^ ■ Ad.) = G(r« • Ad., a^^^^^)) = ^(rlf , a'^^^)))- = 

where in the second = we have used (1) of Lemma 6.1. Hence = and it 

follows that m = 1 since (m, n) = 1. So we have 7rAi,gi — T^X2,gi, and by (2) of Th. 8.6 
in [33] we have Ai = A2. 

Ad (2): First we note that the subnet B = V^^i) for some 1 < I < n, n = III hy the 
Galois correspondence (cf. [14]). Also the vacuum representation of D^^i^ restricts to 
©i<i<z'^'^* of D^fi) . If 7rAi,c,i restricts to a DHR representation of D^^i^ , by applying 
(3) of Lemma 6.1 to the pair 

2?(si> c V^9{) we conclude that G{T^°^,a^^) = 1. Since 
G{t^^\ a''^^^) = , by using (1) of Lemma 6.1 we have 

G(r^^^,a'Mi)) = G{t^^^ ,a'^)'^'^ = 1 = G(r(°), a^«)'^ = 

Hence n\li and we conclude that li — n, B — "D^^i^ ■ 

Proposition 7.3. Let gi (resp. g2) he one cycle of length n. Then 7i\i,gi — 7^X2,92 if 
and only if Ai = A2, t/i = g'2- 

Proof It is sufficient to show that if TCx^^gj^ — 7^X2,92^ then Ai = A2, (?i = (?2- 

Note that 7rAi,gi (resp. n\^^g^) restricts to a DHR representation of D^f^^ (resp. 
V^^'^^), it follows that T^Xi,gi restricts to a DHR representation of D^^'^). By Prop. 3. 8 
T^Xi,gi restricts to a DHR representation of D^^i^ \JT>^^'^\ and by (2) of 7.2 we must have 
X>i9i) yj){92) = x>^gi)_ It follows that V^S2) (- p(ffi> and by Galois correspondence again 
(cf. [14]) we have ((72) C (gi)- Exchanging gi and g2 wc conclude that (5(2) = (gi)- 
Hence g2 = g^ for some integer m with (m, n) = 1. By (1) of Prop. 7. 2 we have proved 
that gi = g2, Ai = A2. ■ 

7.2 Proof of Th.7.1 for general case and its corollary 

Assume that gi — CiC2...Ck and g2 = c[...Ci where Cj (resp. are disjoint cycles. 
Fix 1 < j < k and let Cj — {ai...am)- Let us first show that ai, ...,am must appear 
in one cycle of g2- Let U be the unitary such that 7r^i,(,i = Adu ■ '^'^2,g2- Choose 
X = Xo ^ Xi (E) ■ (E) Xn & T>o such that Xi = 1 if i 7^ aj,j = 1, ...,m, and no other 
constraints. Denote by ^^o.c^ the subalgcbra of Vq generated by such elements. We 
note that 7r^i,gi(I^o,cj) is B{7icj), a type I factor by strong additivity. If ai,...,am 
appear in more than one cycle of g2, then by definition (18) T^i)2,p2{T^Q,cj) will be 
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tensor products of factors of the form 7i\{Aj), where J is a union of intervals of 
S^, but J 7^ S^, and so 7r^i,pi(2^o,cj) will be tensor products of type III factors, 
contradicting 7r^i,pi(I^o,cj) = t^7r^2,P2(^o,c, )t^*- By exchanging the role of gi and g2 we 
conclude that Oi, must be exactly the elements in one cycle of g2 for some 1 < 
i < I, and we have vr^i ,pi (I'o.cj ) = Un-^^^p^{'Do^c'^)U* . Let H = 7i^i(cj) ® 'Hr- We have 
U B(l-L^-^(^Cj))U* = -B(7i^2(c'))- Since every automorphism of a type I factor is inner, 
there a unitary f/iTi^^Cc^ ^ '^ipiicj) such that UB{7i^j^(cj))U* = t/i-B(7ii^2(Ci))^r ■ 
Hence 7r^i(cj),z(cj) = t^i7r^2«),i«)^r on Po,c,, and by Prop.7.3 we conclude that 9 = 
c^,'0i(cj) = '02 (c^)- Since j is arbitrary, exchanging the roles of gi and 512 we have 
proved g^ ^ g2,ipi ^ ip2- 

Proposition 7.4. Assume that p = Ci...Ck where Ci are disjoint cycles. Letip be such 
that p.ip — ip. Then: 

(1) : The centralizer (cf. (4-2)) ofn^^p in Pn is F^, = {h E Fnlh.ip = ip, hph~^ = p; 

(2) If p G Ijn, the centralizer (cf. (4-2)) of ir^^p in Z„ is T^^p — {h & Zn\h.ip — 
y hph^^ = p'^ 

' (3): din^^pf = U,<^<,dii^ic.)rfiX'- 

Proof (1) (2) follows from Prop. 6.7 and Th. 7.1. Assume that each cycle q has 
length rrii, 1 < i < k. Then J2i<i<k''^i ~ ^y definition (6.5), we have d{7i^^p)^ = 
Ili<i<kd{T^i'{ci)f- By Prop.6.4 and (1) of Prop. 6.2 (i(7r^(c,))^ = d{ip{ci)fiJ,'2'~\ hence 

l<i<fc l<i<fe 

8 Identifying all the irreducible representations of 
the permutation orbifolds 

8.1 Cyclic orbifold case 

Theorem 8.1. Let g = (01. ..n — 1). Then every irreducible DHR representation of 
"D^" appears as an irreducible summand of ir^^gi for some ip,g^. 

Proof By Prop. 4.4 Tr^^^g^i \ B ~ ^i/'2,9*2 1^ ^ there exists /i e Z„ such that 
TT^j gii (/9ft-i) ~ ^V2,3'2, and by Prop. 6.7 and (2) of Prop. 7.4 we have h.t/ji — 
ip2, hg'^^h'^ = g^'^ . Denote the orbit of TTj^.^^y'i under the action of Z„ by (7*^}. 
Note that the orbit {V'l, g^^} has length ,„ " , . By Th. 4.5 the sum of index of the 

irreducible summands of nx^gi is .p" | d(7rA,g)^. Hence the sum of index of distinct 

irreducible summands of 71^,^ for all ■0, e Z„ is given ^yYli{ii,gi} \r~\d{'^\,9''Y where 

the sum is over different orbits. Assume that g'^ — Ci...Ck. Then k — {n,i) (the 
greatest common divisor of n and i) and each cycle q has length tA^. For each 
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element ip2,g''''^ in the orbit {ipyg"^}, by (3) of Prop. 7.4 ^(Tr^^.g^a)^ = d{T:x,giY — 
ni<j<(n,i) ^^(^^(9) Vr^"''^ Hence 

71^ 1 71^ 

=^ E n ^^(^(c.ovr^'^''^ = = /^^-n (20) 

ij}fi<i<n l<j<{n,i) 

where in the last = we have used Th. 3.7. The theorem now follows from Th. 30 of 
[21]. ■ 

Let us now decompose TTx^g into irreducible pieces. In this case Tx^g = Z„ since 
^ = (012...n-l) (cf. (2) of Prop. 7.4). By definition (18) Vxo«)Xi(8)- • -(gj^n-i e ©(J), 

■Kx,g ■ Adp-1 (Xo (8) Xi (8) • • • (g) Xn-l) = '^X,g{xi 'S' X2 <Si ■ ■ ■ <Si Xq) (21) 

= Tix{R{—))Tix,g{^o ® a;i ® ® Xn-i)7ix{R{—)y (22) 

Th Th 

Here TT;^ (/?(■)) denotes the unitary one-parameter rotation subgroup in the represen- 
tation A. Note that 7ix{R{—))^ = nx{R{2n)) = Cx'id for some complex number 
Cx, \C\\ = 1- Let fix £ 'Hx be a unit vector such that 7Tx{R{—)fl\ = C'xflx with 
(CI)" = Cx. 

Definition 8.2. nxM := C'x^\ x{R{^)) , and nx,gig') := nxigf. 

Then it follows that g^ — >• 7Tx,g{g^) gives a representation of Z„ on Tix, and 
'^\,g{g^)-f^\ = ^A- So affords a trivial representation of of Z„ on Hx- It follows from 
Lemma 4.7 that all irreducible representations of Z„ appear in the representation ttx- 
It follows by Th. 4.8 that 'Kx,g,i-,'i G Z„ arc distinct irreducible representations. 

Note that = Ci...Ck is a product of A: = (n,i) disjoint cycles of the same length 
■^Ay. Let h G r^^gi. Then Ad/^ induces a permutation among the cycles Ci, ...,Cfe. We 
define an element h' G Pfe by the formula hcih~^ = Ch'(i),i = I, ...,k. We note that in 
the definition of Ti^^g a presentation of g has been fixed. Assume that hfj^,-i(^^h~^ — 
h"{i).fi where h"{i) is an element in the cyclic group generated by q. Define 

Definition 8.3. 

■n^^gi{h) := /?/(7r^(c,),ci(/i"(l)) (8) • • • (8) Ti^(c„),cSh"{k)) 

where the action of h' G Pfe on 'H^i^ci) ® " " ''^ip{ck} ^-^ Permutation of the tensor 
factors, and 7i^(^ci),ci{h"{i)) is as defined in definition (8.2). 

One checks easily that Definition 8.3 gives a representation of P^^^i , Ad^r^ ^ . {h)'^tp,gi — 
TT^^giAdfi, and the vector Q^(^ci)®- ■ -(8)^1^(0^.) is fixed by 7r^,gi(r^,gi)- follows by lemma 
4.7 and Th. 4.8 that we have proved the following: 

Theorem 8.4. tt , < . gives all the irreducible summands of t:^ „i fD^". 

We note that Th. 8.1 and Th. 8.4 generahzes the considerations of §8 of [33] for 
the case n = 2, 3, 4. 
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8.2 Permutation orbifold case 



Theorem 8.5. Every irreducible DHR representation ofV^"^ appears as an irreducible 
summand of ir^^p for some ip,p & Pn- 

Proof The proof is similar to the proof of Th. 8.1 with small modifications. By 

Prop. 4.4 and Th. 7.1 ir^^^p^ \ V^" ~ n^^^p^ t D"^" iff there exists h G P„ such that 
h.tpi = ip2, hpih^^ = p2. Denote the orbit of 7r^i,pi under the action of P„ by {ipi,Pi}- 
Note that the orbit {'4'i,Pi} has length jfr^ — r. By Prop. 4.5 the sum of index of 

\^ 4>i,Pl\ 

the irreducible summands of nxp is . d(7r^„y. Hence the sum of index of distinct 
irreducible summands of vr^.p for all ip,p is given i>J^^^ pynd{7i\^p)^ where the 

sum is over different orbits. Assume that p = Ci...Ck is a product of disjoint cycles. 
For each element '02, P2 in the orbit {ipjp}, by Prop. 7.4 d{Ti^^^p^Y = d{Ti^^pY ~ 
ni<,<fe^^(V'(c,)Vr'' Hence 



where in the last = we have used Th. 3.7. The theorem now follows from Th. 30 of 
[21]. ■ 

Let p = ci...Cfc be a product of k disjoint cycles . Let h G r^,p. Then Ad^ induces a 
permutation among the cycles Ci, Cfc. We define an element h' e by the formula 

hcih~^ = Cyi^i^.i = 1, k. We note that in the definition of Ti^^g a presentation of g 
has been fixed. Assume that hfj^i-i(^i^h~^ — h"{i).fi where h"{i) is an element in the 
cyclic group generated by q. Define 

Definition 8.6. 

7r^,p(/i) := /i'(7r^(ci),ci(/i"(l)) (8) • • • ® T^^ic^u^ih" (k)) 

where the action of h' G P^ on 'H^^c^) ® ■ ■ ''^'^{ck) is by permutation of the tensor 
factors, and T^^{ci),ci{h" {i)) is as defined in definition (8.2). 

One checks easily that Definition 8.6 gives a representation of P^^p, AdTr^,,, ^(}^i^'d,.p = 



TT. 



Ad/i, and the vector Vl.,i,{ci)® - ■ •®^ip(c,,) is fixed by 7r^,p(P^,p). It follows by Lemma 
4.7, Th. 4.8 that Tr^po-ef^p gives all the irreducible summands of vr^^p fD'^", and we 
have proved: 

Theorem 8.7. Tr^po-gf^^ gives all the irreducible summands of TT^^p \V^". 

Note that by Prop. 8.7 and Th. 8.5 the irreducible DHR representations of P""" 
are labeled by triples {ip,p,a) with p.ip = iIj,(t E T^^p with equivalence relation ~, 
{ip,p, a) ~ {ipi,pi, (Ji) iff there is /i e P„ such that ipi = h.ip,pi = hph~^, a\ = a^. In 
[1], based on heuristic argument it is claimed that the irreducible representations of 
V^" should be given by the set of pairs (p) where (f is an irreducible representation 
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of the double T>{F^) of the stabihzer = {p G ¥n\p-'4' = "^j with equivalence relation 
{ip,(p) ~ {ipijifii) iff there is /t e P„ such that ipi = h.ip,(pi = . We note that the 
irreducible representation of the double ViF^ are labeled by [g^ ti)/F^, where g G F^, 
TT is an irreducible representation of the centralizer of g m. F^, and the action of F^ 
on (s^jTt) is given by h.{g,7i) = {hgh~^,7r'^). Hence the labels [1] are exactly the same 
as the labels we described above, and we have confirmed this claim of [1]. 



9 Examples of fusion rules 

9.1 Some properties of S matrix for general orbifolds 

Let ^ be a completely rational conformal net and let F be a finite group acting 
properly on A. By Th. 3.7 has only finitely many irreducible representations. 
We use A (resp. /i) to label representations of A^ (resp. A). We will denote the 
corresponding genus modular matrices by S,T (cf. (7). Denote by A (resp. /x) the 
irreducible covariant representations of .4'" (resp. A) with finite index. Recall that 
^nX ^ ^ denote the multiplicity of representation A which appears in the restriction of 
representation /i when restricting from A to A^. b^^ is also known as the branching 
rules. 

Lemma 9.1. (1) If t is an automorphism (i.e., d(r) — 1) then St-(x)h — G{t, ^)*S\^ 
where r(A) := rA, G{t, fi) = e(r, fJ>)e{fi, r); 

(2) For any h G T, let h{X) be the DHR representation A • Ad/j-i. Then Sx^ = 
Sh{x)h{iJ.); 

s 

(3) If X ^ z{\)^ gives a representation of the fusion algebra of A where z{X) is 
a complex-valued function, z{l) — 1, then there exists an automorphism r such that 



(4) If [oi)\ — [a^ck^]; then for any Ai, jii with bj^^^^ ^ we have = -g^-g- 



Proof Ad (1): Since A — > ^ is a representation of the fusion algebras, it follows 
that 



On the other hand 



where the last equation follows from the monodromy equation (cf.[37]) and (1) is 
proved. 

Ad (2) By Lemma 3.1, it is sufficient to show that A^^(^)/j(^-) = and ooh(x) = '^a- 
The first equation follows from the definition. For the second one, we note that 
<^A = 7rA(i?(27r)). Since h commutes with the vacuum unitary representation of Mob, 
it follows that u!h{x) — ^x- 
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Ad (3): By assumption A z{X)-^ is a non-trivial representation of the fusion 

'S'ai _ 'S'at 
Sii Sit 



algebra, and so there exists r such that z{X)^ = |^,VA. Hence \z{X)\ < 1. From 



we have 



z{X,)^z{X,)^ = J2KxA^M^^)^ (23) 

= E^AfA.-(A3)%^ (24) 

A3 



J2KxM>^M>^^)-z{Xs))^ = o. 

A3 ^^^^ 



Using N^^^^ — ^^'^ and the orthogonal property of 5* matrix in Lemma 3.3 

we have 

N^':,M>^i)ziX,)~ziX,))=0. 
Since N^^^^^ = 1 we have z{Xi)z{Xi) = 1. So we conclude that \z{X)\ = 1,VA, and 

'S'lr ^ ^ Sii Sii 

Hence S'lr = Su and (i(r) = 1, i.e., r is an automorphism. 

Ad (4): By [49] or [4] there is a unit vector t/j in the vector space spanned by the 
irreducible components of a^^ , VA2 such that 



'-'iAi "^iw ^iAi 



and (4) follows immediately. 



9.2 Fusions of solitons in cyclic orbifolds 

Let B C P be as in §6.1. Set i = in Th. 8.4. In this is a constant function, 
and we denote it by its value A. For simplicity we will label the representation i^x^gj^i 
{g — {01. ..n — 1)) by (A, g^, i). Define (Ai) := (A, 1, i) where i ^'Ln — ^n- 

Lemma 9.2. // (A;, n) — \, then 

0<j<n-l 

Proof Let V := Hom(5, A/x) C A{Jo)- Note that Z„ acts on W := V(g)V(g)-- ■(g)1^(n- 
tensor factors) by permutations. Let Wj := {w G W\l3g{w) = e~^'^*%u'}. Note that if 
w e Wj, then wv^ e }iom{v~^d'^"v^ , A®" • /x®") nP^"(Jo), where v is defined as before 
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Lemma 6.1. Hence we have an injective map w G Wj wv^ € Hom((5j), (AO)(/xO)). 
By definition the map is also surjective. So we have 



0<j<n-l 0<j<n-l 

When {k,n) — 1, g'' is one cycle, and it follows that Trw{/3gk) — dimV — N^^. Take 
the complex conjugate of both sides we have proved the lemma. ■ 

Lemma 9.3. Let := {fi,g,0). Then: 

(1) G{a, f/j,) = for some integer h with {li,n) = 1; 



(2) \ ^ is a representation of the fusion algebra of A; 



s s 

(3) There exists an automorphism r, fr^l = fll such that — 

Proof Ad(l): By the paragraph after (47) in [33] we have G(a'^^^\ fn) = e^ where 
(/c(l),n) — 1. By (1) of Lemma 6.1 we have G^a^f^Y'^^^ — e^. Choose l-i such that 

l\k{l) = Imodn we have G{a, f^j) = for some integer li with (/i, n) — 1. 

As for (2) and (3), first we note that by Lemma 6.1, if 5 ^ (AO)(/xO), then 5 is 
untwisted. Suppose that 5 is an irreducible component of the restriction of {6i, 5„) 
to V^". We claim that Ssf,, =0 if 6i ^ 6j for some i ^ j. In fact if 6i ^ 6j for some 
i 7^ j, then the stabilizer of 6n) under the action of Zn is a proper subgroup of 

Z„, and by Th. 4.5 as is reducible, and [a''6] = [6] for some 1 < k < n — 1 . By (1) 

of Lemma 7 we have ^'5/^ = ^a^is)/^ = Gi^^'^JnY^su Since G{a^,ffj) = e"^ with 
(Zi, n) = 1 by (1), G{a^, f^)* ^ 1, hence Ssf^ = 0. So we have 



- E <1(..o)e"^t^ (26) 



Xs,0<j<n-1 "^(10)/- 



^A3 W (27) 



where we have used (1) of Lemma 9.1 and Lemma 9.2 in the second = and third = 
respectively. 

Ad (2): Since a/^ = (/x, 1, l)ci;/^ by (48) of [33], by (4) of Lemma 9.1 we have 

^Um S^x %{A0) 



'S'(io)(AO) 'S'lA 'S'(10)(A0) 

Combined with (1) it follows that there exists r such that the map 

Sxt Sxfi 



A 



d{\)Sir Sin 
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gives a representation of the fusion algebra of A. By (3) of lemma 9.1 we have that 
r is an automorphism and 

'5'(A0)/i ^ Sxt 

S{10)fi ^iT 

Let /i e Pn such that hgh'^ = g'^. By definition h{{XO)) = (AO). By Prop. 6.2 
[h{fi)] — W^ifi)] some I < j < n, and it follows by Lemma 9.1 that 

'S'(AO)/i = 'S'fe((AO))/i(/i) = Si^xO)aHfi) = ^iXO)h = ^mh^ 

hence |^ = |^,VA, and so [r] = [f]. ■ 
Wc conjecture that [r] = [1] in the above lemma. 

Let /i := {l,g,0) where stands for the trivial representation of In [33] the 
questions about the nature of [a^J = [ttJ^^^] (cf. (44) of [33]) where k is an integer is 
raised. 

Proposition 9.4. When n is even we have 

KJ= M,,,...,,J(Ai,...,A„)] 

Ai,...,A„ 

Where M,,...,,„ Ea ^u'^ ni<.<„ |^ with g = 

Proof We note that by Lemma 6.1 tt^ is untwisted, and must be sum of irreducible 
untwisted representations. It follows that by Cor. 8.4 of [33] that 

[«/]= M,,,...,,„[(Ai,...,A„)] 

Al ,...,An 

with Mxj^,,„,x„ non-negative integers. Let /j, be any irreducible subsector of o;^"^. By 
the equation above fiaj >- (Ai, A„) for some (Ai, A„), and by Frobenius duality 
/i^ (Ai,...,A„)a/. By (46) of [33] [(Ai, A„)a/] = Ea(^i ■ ■ " An, A)[(A, 1, 1, !)«/] 
and by (48) of [33] each (A, 1, 1, l)a/ is irreducible. Hence [/i] = [(A, 1, 1, 1)q;/] 
for some A. Hence 

= K/] = 0^a[(A, I, ...,l)7ri J 

A 

with mx non-negative integers. By (4) of Lemma 9.1 we have 

/ Sfiil^O) ^n-l 'S'a^ ^^/iCmO) 



A 

Note that — = a-pzn — n^Uv — n'^-^, hence S(io)(io) = —. From '^^^"^'■^"^ — 

•S(io)(io) -^ii y /\ / n •5(io)(io) 

(i((AO)) = nd{\Y we have 5'(ao)(io) = Sxi- By (2) of Lemma 9.3 and our assumption 
that n is even and hence [r"] = [1] , we have 

^lH A 
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By orthogonal property of S matrix in Lemma 3.3 we have 



^n2-3n+l 



Combine this with (46) of [33] and (8) the proposition follows. ■ 

We remark Mxj^,...,x„ is the dimension of genus ("~^)^("'~^) conformal blocks with 
the insertion of representations Ai, A„. Also note that ("~^)^("~^) ig the genus of an 
algebraic curve with degree n. It may be interesting to give a geometric interpretation 
of Prop. 9.4. 

Note that the conjecture [r] = [1] at the end of previous section is true, then the 
above proposition is also true for odd n. 



9.3 n=2 case 

In this section we consider the fusions rules for the simplest non-trivial case n = 2. 
Partial results have been obtained in §8 of [33]. We will confirm the results in §4.6 
of [5]. Let us first simply our notations by introducing similar notations in [5]. Let 
(AO) := (A, -1, 0), (XL) := (A, -1, 1). Note that by §2 of [33] we can choose 

' '^(AT) = e ' (28) 
where c is the central charge. We also note by definitions 

com = e^'^^''^ = ^(Ai), ^(A.A.) = e2-(^^i+^^.), Ai ^ X, (29) 
Lemma 9.5. (1) 

where ei, €2 = or 1; 
(2) 

^^(Aiei)(A2e2) C2 ' 

(3) 

M M,A4y^A5 ^ 11 

where Cq is defined as in (3.2). 
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Proof Ad (1): By (48) and (3) of Prop. 8.8 in [33] we have 

^^(M^)^(M^y (-^3, A3)) = (A1A2A3A3, 1) 

Note that 

(a(Aiei)tt(A2e2), (A3, A3)) = ArJ^'°^^(A2e2) + ^(Ai6i)(A2e2) 

and by (8) (1) is proved. (2) is proved in a similar way. 
Ad (3): 

Y^^Ai^^^^^diixm + E ^'"^'^f'"^'" ;l^(A4)c^(A5)) 



Sxiij.Sx2fi ^y-^ '^AsM'^Aal ^2 
-^1^ ^ ^^3 



From Lemma 3.3 we have 5*r-^5* = r5*r and so 

A3 ^^^3 
Substitute into the equations above we have proved (3). 

Define matrices such that T^^ = Sx^e'^'^^^^'^^ and 
Definition 9.6. 

1 o „ 1 ~ 2iri(c — cq) 

P := T2ST^ST^,P = e — sp. 

It follows by (6) that 

(Aiei)(A2e2) (Aiei) (A2e2) ^/^^ (Aiei)(A2e2) (Aiei)(A2e2)'' ^2 \\ / / ' 

A3 -^3 

^4 7^ As 

lljbS\2^l 1 ,, 
^ -^IM ^A3 

V '^A4M'gA5M^AiM'gA2M 1 c^(A4)rf(A5)) = e'^^(^i+^^)%^ 
^,A4^A5 -^1/^ '^^^'^^^ -^11 

where in the last = we have used (3) of Lemma 9.5. Note that 5'(\o)(io) ^ ^ 
l^f]^, and so 5'(io)(io) = 1^ follows by (7) that 

S = g7r*(ei+e2)l5 

(Al6l)(A262) 2 -^1-^2 
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Note that by Lemma 9.3 we have 

Since [r^] = [1], = 1, and so |^ = ±1. By (1) of Lemma 9.1 we can choose our 
labehng (AO), (Al) such that as a set {(AO), (Al)} is the same as {(AO), (Al)} and 

c 

Q ^""ie Q AjK 

'^(Ae)(7;0) - ^ "^(lOjao);^ 

Prom 

NaiA,)] = [(Ai,A2)] + [(A2,Ai)] 
and (4) of Lemma 9.1 we have 

'S'(AiA2)(Ae) _ SxiX _|_ SxiX 'S'(AiA2)(A/j) _ Sx^xSxifi _^ Sx2xSx2fi 
S{10){\e) Sf^ Sl^^ '5'(l0)(A/i) SixSin SixSifj^ 

Since ^ 

<S'(io)(io) = 2*^11' 

we get the following on the entries of ^'-matrix of T>^'^ : 

'S'(A;u)(Aiw) — ^xxi^mi + SxfiiSnXi, 5'(A,i)(Aie) = Sxx^^S^Xi (36) 
^(A^(Ai/ii) = 0, S^^~^ = ^Slx^ (37) 

S{^)(x^) = r'^^'^xx. ' ^(^(3^) - r'''^'-'''^P^^. > ^ = 0, 1 (38) 
Denote by cq the number (well defined modSZ) of V^^ (cf. (3.2). 

Lemma 9.7. (1) cq- 2co G 8Z; 

("^j Co - c e 4Z. 

Proof By Lemma 3.3 we have 

STS = T-^ST-^ (39) 

First let us compare the (10) (10) entry of both sides for S, T matrix of By usmg 
the formula before the lemma we have: 

A 

On the other hand comparing the entry 11 of (39) for ^'-matrix of T> we have 

j:Slxe^-->^ = e'-^Su, 

X 
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and (1) follows by combining the two equations. 

As for (2), we compare the entry (AO) (10) of both sides of (39). By using the 
equations before the lemma the (A0)(10) entry of the left hand side of (39) is given 

27ri(c — cq ) 7ri(cQ ) X 

by e 8 e 24 multiplied by the Al entry of the matrix PT^S. By applying (39) 
to S, T matrix of V we have 

PT^S = T^ST^STS = T^ST-^. 

Using these equations to compare with the (AO) (10) entry of right hand side of (39) 
we have e ^~r~^ — 1 and (2) if proved. ■ 

By (8) and (2) of Lemma 9.7 we immediately obtain the following fusion rules: 

nIZkL) = ^a1,^;^. + ^a^Mm + KXi + ^x^^A (40) 

JVJJ)!,.) = N',lN'^;, + N',;nX (41) 

^Sh-) ^ \^^^^ ^^^^^ + e-(^+-+-)) (42) 
= V N^. N^l (43) 

(Ae)(Aiei) ^ M2 ^ ^ 

where €,61,62 = or 1. Let us summarize the above equations in the following: 
Theorem 9.8. The fusion rules ofV^^ are given by the above equations. 

Prom the theorem we immediately have: 
Corollary 9.9. For any completely rational A 

1 '^Ai^'^A2M'^A3M _|_ 1 Sxi,j,P\2ij.Px3ix 

is a non-negative integer where P is defined in (9.6). 

Cor. 9.9 confirmed a conjecture in §4.6 of [5]. We note that even for known 
examples the direct confirmation of Cor. 9.9 seems to be very tedious. 

It will be an interesting question to generalize our results to n > 2 cases. 
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